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HIGGS BUNDLES OVER ELLIPTIC CURVES
EMILIO FRANCO, ´OSCAR GARC´IA-PRADA, AND P. E. NEWSTEAD
ABSTRACT. In this paper we study G-Higgs bundles over an elliptic curve when the struc-
ture group G is a classical complex reductive Lie group. Modifying the notion of family,
we define a new moduli problem for the classification of semistable G-Higgs bundles of
a given topological type over an elliptic curve and we give an explicit description of the
associated moduli space as a finite quotient of a product of copies of the cotangent bundle
of the elliptic curve. We construct a bijective morphism from this new moduli space to the
usual moduli space of semistable G-Higgs bundles, proving that the former is the normal-
ization of the latter. We also obtain an explicit description of the Hitchin fibration for our
(new) moduli space of G-Higgs bundles and we study the generic and non-generic fibres.
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1. INTRODUCTION
A systematic study of vector bundles over elliptic curves was initiated in 1957 by
Atiyah [A], where he describes the set of isomorphism classes of indecomposable vec-
tor bundles. After the development of GIT and the introduction by Mumford [Mu] of the
notions of stability for vector bundles, Atiyah’s results were interpreted as the construc-
tion of an isomorphism M(GL(n,C))d ∼= SymhX , where M(GL(n,C))d is the moduli
space of semistable vector bundles of rank n and degree d over the elliptic curve X and
h = gcd(n, d). In [Ra1], Ramanathan extended the notion of stability to G-bundles where
G is an arbitrary complex reductive connected Lie group. Schweigert [S], Friedman, Mor-
gan and Witten [FM1, FM2, FMW] and for the topologically trivial case Laszlo [La] gave
a description of the moduli space of semistableG-bundles with topological invariant d over
an elliptic curve X in terms of a quotient
(1) M(G)d ∼= ZG,d
/
ΓG,d ,
where ZG,d is the product of a certain number of copies of the curve and ΓG,d is a finite
group. When G is simple and simply connected with coroot lattice Λ and Weyl group W ,
this quotient is (X ⊗Z Λ)/W . Friedman and Morgan [FM1], and Laszlo [La] when the
topological type d is trivial, constructed a bijective morphism from ZG,d/ΓG,d to M(G)d
which, since M(G)d is normal, is an isomorphism by Zariski’s Main Theorem. Recall that
(X ⊗Z Λ)/W is isomorphic to a weighted projective space by a result of Looijenga [Lo]
(see also the work of Bernstein-Shvartzman [BS]).
In this paper we study G-Higgs bundles over an elliptic curve for classical complex Lie
groups. If G is a complex reductive Lie group, a G-Higgs bundle over a smooth projective
curve is a pair (P, ϕ) where P is a principal G-bundle and ϕ, called the Higgs field, is a
section of the adjoint bundle adP tensored by K , the canonical line bundle of the curve.
When the structure group G is a classical reductive complex Lie group, there is a bijective
correspondence between pairs (P, ϕ) and triples (E, θ,Φ) where E is a vector bundle, θ
is a reduction of structure group to G of the GL(n,C)-bundle associated to E and Φ is
a K-twisted endomorphism of E compatible with the reduction of structure group θ. We
shall work with this latter description of Higgs bundles rather than the former.
Hitchin introduced G-Higgs bundles and their stability conditions in [Hi1]. The ex-
istence of the moduli space of semistable Higgs bundles M(GL(n,C))d was proved by
Hitchin in the case of rank 2, and by Simpson [Si1] and Nitsure [Ni] in arbitrary rank.
In [Si2, Si3] Simpson proved the existence of the moduli space M(G)d of semistable
G-Higgs bundles when G is an arbitrary complex reductive Lie group.
Let Γ denote the universal central extension by Z of the fundamental group π1(X) of a
compact Riemann surface, and set ΓR = R ×Z Γ. The moduli space of representations of
ΓR in G with topological type d is the GIT quotient
R(G)d = Homc(ΓR, G)d //G,
where Homc(ΓR, G) is the space of central representations (i.e. those representations ρ ∈
Hom(ΓR, G) satisfying ρ(R) ⊂ ZG(G)0).
As a consequence of a chain of theorems by Narasimhan and Seshadri [NS], Ramana-
than [Ra1], Donaldson [D], Corlette [Co], Hitchin [Hi1] and Simpson [Si1, Si2, Si3], there
exists a homeomorphismM(G)d ≃ R(G)d.
In [Si3] Simpson proved the Isosingularity Theorem which implies thatM(G)0 is nor-
mal if and only if R(G)0 is normal. He proves that R(GL(n,C))0 is normal for compact
Riemann surfaces of genus g ≥ 2, and therefore, in that case,M(G)0 is normal. His proof
does not apply for the genus 1 case but one can use results of Popov [Po] and computa-
tions made by the computer program Macaulay (see [Hr]) to prove thatR(GL(n,C))0 and
M(GL(n,C))0, hence also M(SL(n,C)) and M(PGL(n,C))0, are normal for n ≤ 4
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(see Section 3.4). For the rest of the cases, the normality of the moduli space M(G)d of
Higgs bundles on elliptic curves is a question that remains open.
A key result in our study of G-Higgs bundles for classical complex Lie groups over
an elliptic curve X is that a G-Higgs bundle is (semi)stable if and only if the underlying
principal bundle is (semi)stable. This is a consequence of the fact that the canonical bundle
of an elliptic curve is trivial, i.e. K ∼= O. Taking the underlying bundle of a semistable
Higgs bundle we have a surjective morphism
aG,d :M(G)d →M(G)d.
Since the fibres of this surjective morphism are connected and so is M(G)d, it follows that
M(G)d is connected.
We obtain an explicit description of semistable, stable and polystable G-Higgs bundles
over an elliptic curve thanks to the previous result and the description of (semi)stable vec-
tor bundles and G-bundles given in [A] and [FM1] respectively. The structure group of a
polystable G-Higgs bundle can be reduced to a Levi subgroup L of G giving a stable L-
Higgs bundle. In the elliptic case the conjugacy class of L is the same for every polystable
G-Higgs bundle with a given topological type. Let ZG,d and ΓG,d be as in (1). Using
families of stable L-Higgs bundles we can construct families of polystable G-Higgs bun-
dles E parametrized by T ∗ZG,d such that every polystable G-Higgs bundle of topological
type d is isomorphic to Ez for some z ∈ T ∗ZG,d and Ez1 ∼= Ez2 if and only if there exists
γ ∈ ΓG,d giving z2 = γ · z1. This family induces a bijective morphism
(2) T ∗ZG,d
/
ΓG,d
1:1−→M(G)d.
If M(G)d were normal, this bijection would be an isomorphism by Zariski’s Main Theo-
rem. However, normality of M(G)d for g = 1 is an open question except in the topolog-
ically trivial cases of G = GL(n,C), G = SL(n,C) and G = PGL(n,C) when n ≤ 4
(see Section 3.4).
In view of this we construct a new moduli functor. The usual moduli functor associates
to any scheme T the set of families of G-Higgs bundles parametrized by T . We will
consider a new moduli functor that associates a smaller set of families of G-Higgs bundles,
the set of locally graded families (defined in Sections 4.3, 4.4 and 4.5). For this new
moduli functor the family E of polystable G-Higgs bundles constructed above has the
local universal property. For the moduli space of Higgs bundles N (G)d associated to this
moduli functor, we have
(3) N (G)d ∼= T ∗ZG,d
/
ΓG,d .
From (2) we observe that there exists a bijective morphism N (G)d → M(G)d; thus our
new moduli space is not classifying extra structure. Furthermore, since N (G)d is normal,
it is the normalization of M(G)d.
The Hitchin map is defined in [Hi2] by evaluating a basis of the invariant polynomials
q1, . . . , qℓ on the Higgs field,
bG,d : N (G)d −→
⊕
H0(X,O⊗ri)
(E,Φ) 7−→ (q1(Φ), . . . , qℓ(Φ)).
We observe that bG,d is not surjective in general. In order to preserve the surjectivity of
the Hitchin map we redefine for each d the Hitchin base B(G, d) as the image of bG,d.
The explicit description of the moduli space N (G)d allows us to study in detail the two
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N (G)d
aG,d
zztt
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t
bG,d
%%❑
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❑❑
M(G)d B(G, d).
In particular we describe all the fibres of the Hitchin fibration, not only the generic ones.
Two Langlands dual groups have the same Hitchin base. For the two pairs of dual groups,
SL(n,C) and PGL(n,C), and Sp(2m,C) and SO(2m + 1,C), the Hitchin fibres over a
non-generic point of the base are fibrations of projective spaces (in some cases quotients
of projective spaces by finite groups) over isomorphic self-dual abelian varieties.
By means of the quotients (1) and (3) we define natural orbifold structures on M(G)d
andN (G)d and the projectionN (G)d a−→M(G)d can be understood as the projection of
the orbifold cotangent bundle.
The paper is structured as follows:
Section 2 is a review on vector bundles and principal bundles for classical groups over an
elliptic curve. It contains the description of stable and polystable bundles derived from [A]
and [FM1] and the subsequent description of the moduli spaces. This section is included
not only to set up notation, but also to emphasize the isomorphism (1) which will be used
in the description of the moduli spaces of G-Higgs bundles.
In Section 3 we give the definitions of G-Higgs bundles for classical groups and their
stability notions. We discuss normality of the moduli spaceM(G)d in Section 3.4 proving
thatM(GL(n,C))0,M(SL(n,C)) andM(PGL(n,C))0 are normal for n ≤ 4 [Theorem
3.7].
Section 4 contains the explicit description of the moduli spaces of Higgs bundles. In
Section 4.1 we establish the equivalence between the stability of a Higgs bundle and the
stability of its underlying bundle. This fact allows us to give a complete descrition of the
polystable Higgs bundles.
We construct in Section 4.2 a family En,d parametrizing all such bundles. The family
En,d is parametrized by T ∗X× h. . . ×T ∗X in such a way that two points parametrize
isomorphic polystable Higgs bundles if and only if one is a permutation of the other. Using
En,d we obtain a bijection between the symmetric product Symh T ∗X of the cotangent
bundle of the curve and the moduli space of Higgs bundles M(GL(n,C))d [Theorem
4.19]. We also study the smooth points ofM(GL(n,C))d and its singular locus [Theorem
4.20].
We define locally graded families in Section 4.3 and we consider the modified moduli
problem given by taking the image of the moduli functor to be the set of S-equivalence
classes of locally graded families. We prove that En,d has the local universal property
among locally graded families which implies that the moduli space associated to the new
moduli functorN (GL(n,C))d is isomorphic to Symh T ∗X [Theorem 4.24].
The work of Sections 4.2 and 4.3 allows us to study in Section 4.4 the moduli spaces
M(SL(n,C)) and M(PGL(n,C))d˜ for the usual moduli problem [Theorems 4.27 and
4.28] andN (SL(n,C)) andN (PGL(n,C))d˜ for the new moduli problem [Theorem 4.29].
In Section 4.5 we study the usual moduli spaces M(Sp(2m,C)), M(O(n,C))k,a and
M(SO(n,C))w2 [Theorem 4.34]. Following an analogous procedure of that of Section 4.3
we obtain an explicit description of N (Sp(2m,C)), N (O(n,C))k,a and N (SO(n,C))w2
[Theorem 4.37].
We study the Hicthin map for these moduli spaces in Section 5, and we describe the
generic and non-generic fibres explicitly.
Finally in the Appendix we define an action of the groups of torsion points of an abelian
variety on a product of copies of the abelian variety. We study properties of this action and
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its quotient space. These results are used in Section 5.3 to describe the Hitchin fibres for
PGL(n,C) [Proposition 5.6 and Remark 5.7] (see also Remarks 2.2 and 4.30).
We work in the category of algebraic schemes over C. All the bundles considered are
algebraic bundles. The slope µ(E) of a vector bundle E of rank n and degree d is defined
by µ(E) := d/n.
Acknowledgements. This article is a modified version of part of the PhD thesis of the first
author prepared under the supervision of the second and third authors at ICMAT (Madrid).
The first author wishes to thank the second and third authors for their teaching, help and
encouragement.
2. REVIEW ON PRINCIPAL BUNDLES OVER ELLIPTIC CURVES FOR CLASSICAL
GROUPS
2.1. Vector bundles. Let X be a smooth projective curve of genus g = 1 and let x0 be a
distiguished point on it; we call the pair (X, x0) an elliptic curve. However, by abuse of
notation, we usually refer to the elliptic curve simply as X .
The Abel-Jacobi map ajh : SymhX → Pich(X) sends the tuple [x1, . . . , xh]Sh to
the line bundle L(D), where D is the divisor associated to the tuple of points. For h >
2g − 2 = 0 the map is surjective and the inverse image of L ∈ Pich(X) is given by the
zeroes of the sections of L, i.e. it is the projective space
(4) aj−1h (L) = PH0(X,L) ∼= Ph−1.
For h = 1 this inverse image is a point and then aj1 : X
∼=−→ Pic1(X) is an isomorphism.
The distiguished point x0 of the elliptic curve gives an isomorphism between Picd(X) and
Picd−h(X),
(5) t
x0
h : Pic
d−h(X) −→ Picd(X)
L 7−→ L⊗O(x0)h.
For every d we define an isomorphism
(6) ςx01,d : X −→ Picd(X),
given by ςx01,d = t
x0
d−1 ◦ aj1. In particular (ςx01,0)−1 : Pic0(X)
∼=−→ X defines an abelian
group structure on X with x0 as the identity. The elliptic curve (X, x0) with this abelian
group structure is an abelian variety and the diagram
(7) [x1, . . . , xh]Sh❴

SymhX
sumhX

SymhX
ajh

[x1, . . . , xh]Sh❴
∑h
i=1 xi X
∼=
ς
x0
1,h
// Pich(X) O(x1)⊗ · · · ⊗ O(xh)
commutes.
The vector bundle E is semistable if every subbundle F of E satisfies
µ(F ) ≤ µ(E).
The vector bundle is stable if the above inequality is strict for every proper subbundle and
it is polystable if it decomposes into a direct sum of stable vector bundles, all of the same
slope.
Every semistable vector bundle E possesses a Jordan-Ho¨lder filtration
0 = E0 ( E1 ( E2 ( · · · ( Em = E,
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where every quotient Ei/Ei−1 is stable of slope µ(Ei/Ei−1) = µ(E). The associated
graded vector bundle of E is defined by
grE :=
⊕
i
(Ei/Ei−1).
Although the Jordan-Ho¨lder filtration of a given semistable vector bundle E might not be
unique, one can prove that the isomorphism class of grE is unique. Two semistable vector
bundles E1 and E2 are said to be S-equivalent if grE1 ∼= grE2.
A family of vector bundles over X parametrized by a scheme Y is a vector bundle V
over X × Y . We write Vy := V|X × {y}. Given a property of vector bundles which is
satisfied by Vy for all y ∈ Y , we shall say that the family V satisfies the property pointwise.
Two families of semistable vector bundles parametrized by the same variety Y will be said
to be S-equivalent if they are pointwise S-equivalent.
The moduli functor that associates to every scheme Y the set of S-equivalence classes of
families of semistable vector bundles of rank n and degree d parametrized by Y possesses
a coarse moduli space, which we denote by M(GL(n,C))d. (The notation is justified
by the fact that there is a bijective correspondence between GL(n,C)-bundles and vector
bundles of rank n.) Every point of the moduli space represents a S-equivalence class of
semistable vector bundles (or equivalently an isomorphism class of polystable vector bun-
dles). The moduli space M st(GL(n,C))d of isomorphism classes of stable vector bundles
is a smooth Zariski open subset of M(GL(n,C))d. Note also that, when gcd(n, d) = 1,
every semistable vector bundle is stable and then M st(GL(n,C))d =M(GL(n,C))d.
These moduli spaces were described implicitly by Atiyah [A], who did not have the
notion of stability available. In 1991, Tu [Tu] interpreted Atiyah’s results to give an ex-
plicit description of the moduli spaces (see also [LeP]). The following properties of vector
bundles over elliptic curves are contained in [A] or [Tu] (with some changes of notation).
• If gcd(n, d) = 1,
– the morphism given by the determinant
det : M(GL(n,C))d
∼=−→ Picd(X)
is an isomorphism;
– a stable vector bundle E of rank n and degree d satisfies E ⊗ L ∼= E if and
only if L is a line bundle in Pic0(X)[n] (i.e. L is such that L⊗n ∼= O);
– writing ςx0n,d = det
−1 ◦ ςx01,d where ςx01,d is the map given in (6), we have
(8) ςx0n,d : X
∼=−→M(GL(n,C))d;
– there exists a family Vx0n,d of stable vector bundles of rank n and degree d
parametrized by X such that for every x ∈ X ,
(9) ςx0n,d(x) = [(Vx0n,d)x]S .
Every family F → X × Y of semistable (and therefore stable) vector bun-
dles with rank n and degree d defines naturally a morphism νF : Y →
M(GL(n,C))d. The composition with (ςx0n,d)−1 gives us a morphism f :
Y → X , which is canonically defined (up to the choice of x0 ∈ X). Thanks
to (9) we know that f∗F ∼S Vx0n,d, so Vx0n,d is a universal family in this sense.
• There exists a unique indecomposable bundle Fn of degree 0 and rank n such that
H0(X,Fn) 6= 0. Moreover dimH0(X,Fn) = 1 and Fn is a multiple extension
of copies of O. In particular Fn is semistable.
• Every indecomposable bundle of degree 0 and rank n is of the form Fn ⊗ L for a
unique line bundle L of degree 0.
• If gcd(n, d) = h > 1,
– the fibre product over X of h copies of the family Vx0n′,d′ gives us a family
Vx0n,d of polystable vector bundles parametrized by Zh = X× h. . . ×X ;
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– every indecomposable bundle of rank n and degree d is of the form E′ ⊗ Fh
for a unique stable bundle E′ of rank n′ = nh and degree d
′ = dh ;
– every semistable bundle of rank n and degree d is of the form
⊕s
j=1(E
′
j ⊗
Fhj ), where each E′j is stable of rank n′ and degree d′ and
∑s
j=1 hj = h;
– every polystable bundle of rank n and degree d is of the form E′1⊕ . . .⊕E′h,
where each E′i is stable of rank n′ and degree d′;
– as a consequenceM st(GL(n,C))d is empty and the map to the moduli space
induced by Vx0n,d,
(10) νVx0
n,d
: Zh = X× h. . . ×X −→M(GL(n,C))d,
is surjective and factors through SymhX giving an isomorphism
(11) ςx0n,d : SymhX
∼=−→M(GL(n,C))d.
• If E is stable, EndE ∼=⊕Li∈Pic0(X)[n] Li.• Fn ∼= F ∗n and Fn ⊗ Fm is a direct sum of various Fℓ. In particular EndFn ∼=
F1 ⊕ F3 ⊕ . . .⊕ F2n−1.
2.2. Special linear and projective bundles. A special linear or SL(n,C)-bundle over
the elliptic curve X is a pair (E, τ), where E is a vector bundle and τ is a never vanishing
section of detE. An isomorphism between the SL(n,C)-bundles (E1, τ1) and (E2, τ2) is
an isomorphism of vector bundles f : E1 → E2 such that τ2 = det f(τ1). It follows that
(E, τ) is isomorphic to (E, 1). Therefore, a SL(n,C)-bundle is completely determined by
a vector bundle E with trivial determinant. Note that, since h = n, there are no stable
SL(n,C)-bundles for n ≥ 2.
A SL(n,C)-bundle is semistable or polystable if it is, respectively, a semistable or
polystable vector bundle. Two semistable SL(n,C)-bundles are S-equivalent if they are
S-equivalent vector bundles. Again, we define S-equivalence for families pointwise. The
moduli functor for SL(n,C)-bundles under S-equivalence possesses a coarse moduli space
M(SL(n,C)).
By [Tu] and the commutativity of (7), the diagram
SymhX
sumhX

ς
x0
n,d
∼=
// M(GL(n,C))d
det

X
∼=
ς
x0
1,d
// Picd(X).
commutes. When d = 0, we have h = gcd(n, d) = n, so
M(SL(n,C)) ∼= (det)−1(O) ∼= (sumnX)−1(x0) = aj−1n ((O)) ∼= Pn−1.
Take An to be the subvariety of Zn = X× n. . . ×X given by
(12) An = {(x1, . . . , xn)|x1 + · · ·+ xn = x0}.
Let un : An → Zn−1 be the projection on the first n − 1 factors; this morphism is an
isomorphism and its inverse u−1n sends (x1 . . . , xn−1) to (x1 . . . , xn−1,−
∑
xi). Since
the symmetric group Sn preserves An ⊂ Zn, we can use un to define an action of Sn
on Zn−1 = X× n−1. . . ×X . This action gives an isomorphism between Zn−1/Sn and
An/Sn: composing this with the restriction of ςx0n,0 gives
(13) ςˆx0n : Zn−1 /Sn = X× n−1. . . ×X /Sn
∼=−→M(SL(n,C)).
On a curve, every projective bundle or PGL(n,C)-bundle is the projectivization of a
vector bundle and we denote by P(E) the projective bundle associated to E. It is well
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known that two vector bundles E1 and E2 give isomorphic projective bundles if and only
if there exists a line bundle L such that E2 ∼= L ⊗ E1. Note that the projectivization of a
vector bundle of rank n and degree d is a PGL(n,C)-bundle of degree d˜ = (d mod n).
A PGL(n,C)-bundle P(E) is semistable, stable or polystable if E is respectively a
semistable, stable or polystable bundle. When P(E) is semistable, we define its associated
graded object as the projectivization P(grE). Two semistable PGL(n,C)-bundles are
S-equivalent if they have isomorphic graded objects. A family of projective bundles over
X parametrized by Y is a projective bundle over X × Y . We define S-equivalence of
families of semistable PGL(n,C)-bundles pointwise. Let us consider the moduli functor
that associates to every scheme Y the set of S-equivalence classes of families of semistable
PGL(n,C)-bundles of degree d˜ = (d mod n) parametrized by Y . There exists a coarse
moduli space M(PGL(n,C))d˜ associated to this functor. Since they are no stable vector
bundles if the rank n and the degree d are not coprime, the stable locus M st(PGL(n,C))d˜
is empty in that case, and M st(PGL(n,C))d˜ = M(PGL(n,C))d˜ if n is coprime to d˜.
Remark 2.1. Since the dimension of X × Y is greater than 1, not every projective bundle
overX×Y comes from a vector bundle, i.e. not every family ofPGL(n,C)-bundles comes
from a family of vector bundles. If we modify the notion of family of projective bundles,
allowing only those that come from families of vector bundles, we obtain a different moduli
functor. It can be proved that the two moduli problems have isomorphic coarse moduli
spaces. Working with the second picture, one sees that M(PGL(n,C)) is the quotient of
M(GL(n,C)) by the action of Pic(X) given by (L,E) 7→ L ⊗ E. One can always fix
the determinant by tensoring by some element of Pic(X) and the only elements of Pic(X)
that preserve the determinant are the n-th roots of the trivial bundle, so
M(PGL(n,C))d˜
∼= det−1(O(x0)⊗d)/ Pic0(X)[n] .
Take h = gcd(n, d) and set n′ = nh and d
′ = dh . Consider the following action of X on
SymhX with weight n′,
(14) X × Sym
h −→ SymhX
(x, [x1, . . . , xh]Sh) 7−→ [x1 + n′x, . . . , xh + n′x]Sh .
By Atiyah’s results, the diagram constructed using (14)
(15) X × SymhX //
ς
x0
1,0×ς
x0
n,d
∼=

SymhX
ς
x0
n,d
∼=

Pic0(X)×M(GL(n,C))d −⊗− // M(GL(n,C))d
commutes. The action of X [n] with weight n′ corresponds to the action of X [h] with
weight 1. Recall that (ςx0n,d)−1(det
−1(O(x0)⊗d)) is Ah/Sh ∼= Zh−1/Sh and clearly the
action (with weight 1) of X [h] on Ah corresponds naturally to the action (with weight 1)
of X [h] on Zh−1. For every x ∈ X [h], one has that x = −(h − 1)x, and then the action
of X [h] commutes with the action of the symmetric group Sh. Therefore, we have an
isomorphism
(16) ςˇx0
n,d˜
: Zh−1
/
Sh×X [h] = X× h−1. . . ×X
/
Sh×X [h]
∼=−→M(PGL(n,C))d˜,
induced by the restriction of ςx0n,d to (sumhX)−1(x0).
Remark 2.2. Since Zh−1/(Sh×X [h]) = (Zh−1/X [h])/Sh, Lemma A.2 implies that
M(PGL(n,C))d˜
∼= Zh−1 /Sh = X× h−1. . . ×X /Sh ,
although the action of Sh is different from the action used in (13). Note that the action of
X [h] on Zh−1 is free by Lemma A.1.
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Remark 2.3. Recalling (7) one has (sumhX)−1(x) ∼= Ph−1 for every x ∈ X . The abelian
group structure of X gives an action of X [h] on SymhX that preserves the fibres of sumhX
and hence an action of X [h] on Ph−1. Using this action, we have
M(PGL(n,C))d˜
∼= Ph−1 / X [h] .
2.3. Symplectic and orthogonal bundles. A symplectic bundle or Sp(2m,C)-bundle
over the elliptic curve X is a pair (E,Ω), where E is a vector bundle of rank 2m over
X and Ω ∈ H0(X,Λ2E∗) is a non-degenerate symplectic form on E. The Sp(2m,C)-
bundles (E,Ω) and (E′,Ω′) are isomorphic if there exists an isomorphism f : E′ → E
such that Ω′ = f tΩf .
Similarly, an orthogonal bundle or O(n,C)-bundle over X is a pair (E,Q), where E is
a vector bundle of rank n and Q ∈ H0(X, Sym2E∗) is a non-degenerate symmetric form
on E. Again, two O(n,C)-bundles (E,Q) and (E′, Q′) are isomorphic if there exists an
isomorphism f : E′ → E such that Q′ = f tQf .
A special orthogonal bundle or SO(n,C)-bundle is a triple (E,Q, τ) such that (E,Q)
is a O(n,C)-bundle and τ is a trivialization of detE (a never vanishing section of detE)
compatible with Q, that is τ2 = (detQ)−1. An isomorphism between the SO(n,C)-
bundles (E1, Q1, τ1) and (E2, Q2, τ2) is an isomorphism of the underlying O(n,C)-bun-
dles that sends τ1 to τ2. Note that the existence of a trivialization of detE implies that
detE ∼= O. A direct sum of various SO(ni,C)-bundles is the SO(n,C)-bundle given by
the O(n,C)-bundle which is the direct sum of the underlying O(ni,C)-bundles plus the
trivialization of the determinant induced by those of the SO(ni,C)-bundles.
Symplectic and orthogonal bundles are particular cases of pairs (E,Θ), where E is a
vector bundle and Θ : E → E∗ is an isomorphism that satisfies Θ = bΘt. If b = 1, we
have an O(n,C)-bundle, and if b = −1 it is a Sp(2m,C)-bundle.
Given the isomorphism Θ : E → E∗, for every subbundle F of E we can define its
orthogonal complement with respect to Θ,
F⊥Θ = {v ∈ E|Θ(v)(u) = 0 for every u ∈ F}.
A subbundle is isotropic with respect to Θ if F ⊆ F⊥Θ . It is coisotropic if F⊥Θ ⊆ F .
Since E ∼= E∗, the exact sequence
0 −→ F⊥Θ −→ E −→ F ∗ −→ 0
implies that
(17) deg(F⊥Θ) = deg(F ).
Let (E,Θ) be a Sp(2m,C)-bundle or an O(n,C)-bundle. Note that µ(E) = 0 since
E ∼= E∗. We say that (E,Θ) is semistable if and only if, for any isotropic subbundle F of
E,
µ(F ) ≤ µ(E) = 0,
and it is stable if the above inequality is strict for any proper isotropic subbundle. Recall
that every parabolic subgroup of O(n,C) or Sp(2m,C) may be described as the sub-
group that preserves a partial flag of isotropic subspaces in the standard representation (see
for instance [FH, Section 23.3]). By [Ra2, Proposition 3.12], if (E,Θ) is a semistable
Sp(2m,C)-bundle or O(n,C)-bundle, there exists a reduction of structure group to a par-
abolic subgroup giving a Jordan-Ho¨lder filtration,
0 = E0 ( E1 ( · · · ( Ek−1 ( Ek ⊆ E⊥Θk ( E⊥Θk−1 ( · · · ( E⊥Θ1 ( E⊥Θ0 = E,
where for every i ≤ k, Ei/Ei−1 and E⊥Θi−1/E⊥Θi are stable vector bundles and Θ induces
an isomorphism θi : Ei/Ei−1
∼=−→ (E⊥Θi−1/E⊥Θi )∗. If E⊥Θk /Ek is non-zero, Θ induces
a non-degenerate quadratic form Θ˜ on it in such a way that (E⊥Θk /Ek, Θ˜) is a stable
Sp(2m′,C) or O(n′,C)-bundle.
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For every semistable Sp(2m,C) or O(n,C)-bundle (E,Θ) we define its associated
graded object
gr(E,Θ) := (E⊥Θk /Ek, Θ˜)⊕
k⊕
i=1
(
(Ei/Ei−1)⊕ (E⊥Θi−1/E⊥Θi ),
(
0 bθti
θi 0
))
,
where b = −1 for Sp(2m,C)-bundles and b = 1 for O(n,C)-bundles. As happens in
the case of vector bundles, the Jordan-Ho¨lder filtration may not be unique but gr(E,Θ) is
unique up to isomorphism. We say that a semistable Sp(2m,C) or O(n,C)-bundle (E,Θ)
is polystable if (E,Θ) ∼= gr(E,Θ). The notion of S-equivalence is clear.
The stability notions of principal bundles were introduced by Ramanathan [Ra1] in
terms of the degrees of line bundles constructed with antidominant characters applied to
the reduction of the structure group of the bundle to parabolic subgroups. By [Ra1, Remark
3.1] and [R, Remark 4.3] the notions of stability, semistability and polystability of O(n,C)
and SO(n,C)-bundles are equivalent to those described above. This statement can be
extended to the case of symplectic bundles.
Since SO(2,C) ∼= C∗ is abelian, every SO(2,C)-bundle is stable. Whenever n > 2
we have that Z(SO(n,C)) is a subgroup of Z(O(n,C)) and then by [Ra1, Proposition 7.1
and Corollary to Theorem 7.1], a SO(n,C)-bundle is semistable, stable or polystable if it
is semistable, stable or polystable as an O(n,C)-bundle. The graded object of a SO(n,C)-
bundle is given by the graded object of the underlying O(n,C)-bundle:
gr(E,Q, τ) = (gr(E,Q), τ).
S-equivalence of families of symplectic, orthogonal and special orthogonal bundles
is defined pointwise, as in the case of families of vector bundles. The moduli functor
associating to any scheme Y the set of S-equivalence classes of families of semistable
Sp(2m,C), O(n,C) or SO(n,C)-bundles parametrized by Y posseses a coarse moduli
space, which we denote by M(Sp(2m,C)), M(O(n,C)) or M(SO(n,C)). Although Ra-
manathan works in [Ra2] and [Ra3] with principal bundles over smooth projective curves
of genus g ≥ 2, his construction can be extended to the g = 1 case and therefore these
moduli spaces exist and are normal projective varieties.
Let us recall the following well known result about symplectic and othogonal bundles
over smooth projective curves of arbitrary genus.
Proposition 2.4. Let (E,Θ) be a semistable Sp(2m,C) or O(n,C)-bundle. Then E is
semistable. Let n > 2 and let (E,Q, τ) be a semistable SO(n,C)-bundle. Then E is
semistable.
Proof. The proof of the semistability of the underlying vector bundle of a semistable or-
thogonal bundle is given in [R, Proposition 4.2] (see also Proposition 4.6 below). The
same proof applies to semistable symplectic bundles. Since for n > 2 a SO(n,C)-bundle
is semistable if and only if its underlying orthogonal bundle is semistable, the result can be
extended to special orthogonal bundles. 
We denote the elements of Pic0(X)[2] by O(= J0), J1, J2 and J3.
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Theorem 2.5. Suppose n > 4. We have
M st(O(1,C)) =
3⊔
a=0
{(Est1,a, Qst1 )},
M st(O(2,C)) =
5⊔
a′=0
{(Est2,a, Qst2 )},
M st(O(3,C)) =
3⊔
a=0
{(Est3,a, Qst3 )},
M st(O(4,C)) = {(Est4,0, Qst4 )},
M st(O(n,C)) = ∅,
where (Estk,a, Qstk ) are defined in (18), (19), (20) and (21). For every m > 0,
M st(Sp(2m,C)) = ∅.
Proof. By [R, Proposition 4.5], the orthogonal bundle (E,Q) is stable if and only if (E,Q)
is an orthogonal direct sum of subbundles (Ei, Qi) which are mutually nonisomorphic with
each Ei stable. The only stable vector bundles with degree 0 are the line bundles, so Ei
are line bundles. Every O(1,C)-bundle is isomorphic to (Ja, 1) so the only possible stable
O(n,C)-bundles are
(18) (Est1,a, Qst1 ) = (Ja, 1),
(19) (Est2,a′ , Qst2 ) = (Jbi , 1)⊕ (Jbj , 1),
where a′ indexes the pairs {i, j} such that bi 6= bj ,
(20) (Est3,a, Qst3 ) = (Jb1 , 1)⊕ (Jb2 , 1)⊕ (Jb3 , 1),
where bi 6= a and bi 6= bj if i 6= j, and
(21) (Est4,0, Qst4 ) = (J0, 1)⊕ (J1, 1)⊕ (J2, 1)⊕ (J3, 1).
The proof of [R, Proposition 4.5] can be extended to symplectic bundles. Then, since
there are no stable vector bundles of even rank and degree 0, there are no stable Sp(2m,C)-
bundles. 
Corollary 2.6. Let n 6= 2. Any stable SO(n,C)-bundle is isomorphic to one of
(1) the SO(1,C)-bundle (Est1,0, Qst1 , 1) = (O, 1, 1),
(2) the SO(3,C)-bundle (Est3,0, Qst3 , 1)
(3) the SO(4,C)-bundle (Est4,0, Qst4 , 1)
The following is immediate after the definition of the associated graded object, Theorem
2.5 and Corollary 2.6.
Corollary 2.7. Let (E,Θ) be a polystable Sp(2m,C), O(n,C) or SO(n,C)-bundle. Then
E is polystable.
Every SO(2,C)-bundle is stable and isomorphic to
(E,Q, τ) ∼=
(
L⊕ L∗,
(
1
1
)
,
√−1
)
,
where L is a line bundle. The degree of a SO(2,C)-bundle is the degree of L.
We can now give a description of the polystable Sp(2m,C), O(n,C) and SO(n,C)-
bundles.
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Proposition 2.8. A Sp(2m,C)-bundle over an elliptic curve is polystable if and only if it
is isomorphic to a direct sum of polystable Sp(2,C)-bundles.
An O(n,C)-bundle is polystable if and only if it is isomorphic to a direct sum of
polystable O(2,C)-bundles or it is isomorphic to a direct sum of polystable O(2,C)-
bundles and a stable O(m,C)-bundle (where m = 1, 3 or 4).
Let n > 2. Let (E,Q, τ) be a polystable SO(n,C)-bundle with Stiefel-Whitney class
w2,
(1) if n = 2n′ and w2 = 0, then (E,Q, τ) is a direct sum of mn,w2 = n′ stable
SO(2,C)-bundles of trivial degree,
(2) if n = 2n′ + 1 and w2 = 0, then (E,Q, τ) is a direct sum of (Est1,0, Qst1 , 1) and
mn,w2 = n
′ stable SO(2,C)-bundles of trivial degree,
(3) if n = 2n′ + 1 and w2 = 1, then (E,Q, τ) is a direct sum of (Est3,0, Qst3 , 1) and
mn,w2 = n
′ − 1 stable SO(2,C)-bundles of trivial degree,
(4) if n = 2n′ and w2 = 1, then (E,Q, τ) is a direct sum of (Est4,0, Qst4 , 1) and
mn,w2 = n
′ − 2 stable SO(2,C)-bundles of trivial degree.
Proof. By definition (E,Θ) is polystable if and only if it is isomorphic to gr(E,Θ) and
then decomposes as follows,
(E,Θ) ∼= (E⊥Θk /Ek, Θ˜)⊕
k⊕
i=1
(
(Ei/Ei−1)⊕ (E⊥Θi−1/E⊥Θi ),
(
0 bθti
θi 0
))
,
where (E⊥Θk /Ek, Θ˜) is stable (if it is not zero) and (Ei/Ei−1) and (E⊥Θi−1/E⊥Θi ) are stable
vector bundles of degree 0 and therefore have rank 1. So the factors
(
(Ei/Ei−1)⊕ (E⊥Θi−1/E⊥Θi ),
(
0 bθti
θi 0
))
are polystable Sp(2,C) or O(2,C)-bundles. This, together with Theorem 2.5, proves the
statement for Sp(2m,C) and O(n,C)-bundles.
Every SO(2,C)-bundle is stable. Recall that for n > 2, a SO(n,C)-bundle is polystable
if and only if the underlying O(n,C)-bundle is polystable.
Let us take n > 2. By the description of polystable O(n,C)-bundles we have given
above, a SO(n,C)-bundle is polystable if and only if it is a direct sum of stable SO(2,C)-
bundles of trivial degree and perhaps a SO(m,C)-bundle with stable underlyingO(m,C)-
bundle. From Theorem 2.5 we see that the only possible SO(m,C)-bundles with stable
underlying O(m,C)-bundles are the stable SO(m,C)-bundles given in Corollary 2.6.
By [FM1, Proposition 7.7 and Theorem 7.8], if (E,Q, τ) is a semistable SO(2n′,C)-
bundle that lifts to a Spin(2n′,C)-bundle, then the underlying vector bundle of gr(E,Q, τ)
is isomorphic to
⊕m
i=1(Li⊕L∗i ). On the other hand, if (E,Q, τ) does not lift to the group
Spin(2n′,C), its underlying vector bundle is isomorphic toO⊕J1⊕J2⊕J3⊕
⊕m−2
i=1 (Li⊕
L∗i ). This implies that the SO(2n′,C)-bundles of type 1 lift to Spin(2n′,C) and therefore
they have trivial Stiefel-Whitney class, while the SO(2n′,C)-bundles of type 4 do not lift
to Spin(2n′,C) and they have non-trivial Stiefel-Whitney class.
The odd case is analogous. 
HIGGS BUNDLES OVER ELLIPTIC CURVES 13
Theorem 2.9. We have
M st(SO(1,C))0 = {[(Est1,0, Qst1 , 1)]∼=},
M st(SO(1,C))1 = ∅,
M st(SO(2,C))d = M(SO(2,C))d ∼= X,
M st(SO(3,C))0 = ∅,
M st(SO(3,C))1 = {[(Est3,0, Qst3 , 1)]∼=},
M st(SO(4,C))0 = ∅,
M st(SO(4,C))1 = {[(Est4,0, Qst4 , 1)]∼=}.
Suppose n > 4 and let w2 be either 0 or 1, then
M st(SO(n,C))w2 = ∅.
Proof. This is a straightforward consequence of Corollary 2.6 and Proposition 2.8. The
description of M(SO(2,C)) follows from the isomorphism of Lie groups SO(2,C) ∼=
C∗. 
Lemma 2.10. Let (E1,Θ1) and (E2,Θ2) be two polystable Sp(2m,C) orO(n,C)-bundles.
If E1 ∼= E2, then (E1,Θ1) ∼= (E2,Θ2).
Proof. If (Ej ,Θj) are polystable O(n,C)-bundles, then by Proposition 2.8 they have, up
to isomorphism, the form
(Ej ,Θj) ∼=
⊕
i
(Jaj,i , 1)⊕
⊕
k
(
Lj,k ⊕ L∗j,k,
(
1
1
))
.
If E1 ∼= E2, we have, after possible reordering, that Ja1,i = Ja2,i and L1,k = L2,k or
L1,k = L
∗
2,k. Since(
Lj,k ⊕ L∗j,k,
(
1
1
))
∼=
(
L∗j,k ⊕ Lj,k,
(
1
1
))
,
it follows that (E1,Θ1) and (E2,Θ2) are isomorphic O(n,C)-bundles. The statement for
Sp(2m,C)-bundles follows from the discussion above and the fact that(
Lj,k ⊕ L∗j,k,
( −1
1
))
∼=
(
L∗j,k ⊕ Lj,k,
( −1
1
))
,
where the isomorphism is given by(√−1
−√−1
)
.

Lemma 2.11. Let (E1, Q1, τ1) and (E2, Q2, τ2) be two polystable SO(n,C)-bundles with
invariants (n,w2) equal to (2n′, 1), (2n′ + 1, 0) or (2n′ + 1, 1). If (E1, Q1) ∼= (E2, Q2),
then (E1, Q1, τ1) ∼= (E2, Q2, τ2).
Proof. By Proposition 2.8, a SO(n,C)-bundle with invariants (n,w2) equal to (2n′, 1),
(2n′ + 1, 0) or (2n′ + 1, 1) has the form
(Ej , Qj, τj) ∼= (Estk,0, Qstk , 1)⊕
⊕
i
(Ei,j , Qi,j , τi,j),
where k = 1, 3 or 4 and the (Ei,j , Qi,j , τi,j) are stable SO(2,C)-bundles of trivial degree.
Recall that an isomorphism of SO(n,C)-bundles is an isomorphism ofO(n,C)-bundles
that preserves the trivialization τ . If (E1, Q1) ∼= (E2, Q2), then the O(2,C)-bundles
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(E1,j , Q1,j) and (E2,j , Q2,j) are isomorphic, possibly after reordering of the factors. For
this order, either
(E1,j , Q1,j, τ1,j) ∼= (E2,j , Q2,j , τ2,j),
or
(E1,j , Q1,j, τ1,j) ∼= (E2,j , Q2,j ,−τ2,j).
On the other hand, for k = 1, 3 and 4, we have
(Estk,0, Q
st
k , 1)
∼= (Estk,0, Qstk ,−1)
since both SO(k,C)-bundles are stable and by Theorem 2.9 there a unique stable SO(k,C)-
bundle up to isomorphism.
As a consequence, we can construct a morphism that inverts the trivialization τj com-
bined with the morphism that inverts the trivialization of the stable factor. This leaves the
trivialization τ of the total SO(n,C)-bundle unchanged. 
Lemma 2.12. Let (E1, Q1, τ1) and (E2, Q2, τ2) be two polystable SO(2m,C)-bundles
with w2 = 0 of the form
(Ei, Qi, τi) ∼=
m⊕
j=1
(Ei,j , Qi,j , τi,j)
where the (Ei,j , Qi,j, τi,j) are SO(2,C)-bundles of degree 0. The SO(n,C)-bundles are
isomorphic if and only if one can form m pairs of the form
((E1,iℓ , Q1,iℓ , τ1,iℓ), (E2,jℓ , Q2,jℓ , τ2,jℓ))
such that for every ℓ, we have (E1,iℓ , Q1,iℓ) ∼= (E2,jℓ , Q2,jℓ) and the number of pairs such
that
(E1,iℓ , Q1,iℓ , τ1,iℓ) ≇ (E2,jℓ , Q2,jℓ , τ2,jℓ)
is even.
Proof. If (E1, Q1) and (E2, Q2) are isomorphic O(2m,C)-bundles, one can form m pairs
of isomorphicO(2,C)-bundles (E1,iℓ , Q1,iℓ) and (E2,jℓ , Q2,jℓ). The associated SO(2,C)-
bundles, (E1,iℓ , Q1,iℓ , τ1,iℓ) and (E2,jℓ , Q2,jℓ , τ2,jℓ), satisfy
(E1,iℓ , Q1,ℓ , τ1,ℓ)
∼= (E2,jℓ , Q2,jℓ , τ2,jℓ)
or
(E1,iℓ , Q1,ℓ , τ1,ℓ)
∼= (E2,jℓ , Q2,jℓ ,−τ2,jℓ).
In the second situation the SO(2,C)-bundles are not isomorphic unless Lj ∼= L∗j . If
we have an isomorphism of O(2m,C)-bundles that inverts an even number of τj then the
product of all of them remains unchanged and then the SO(2m,C)-bundles are isomorphic.
If our isomorphism of O(2m,C)-bundles inverts an odd number of τj , then the product
of all of them changes its sign and then the SO(2m,C)-bundles cannot be isomorphic. 
Recall the universal family of line bundles Vx01,0 of degree 0. Let us note that Λ2(Vx01,0 ⊕
(Vx01,0)∗) ∼= Vx01,0 ⊗ (Vx01,0)∗ ∼= OX×X and take the non-vanishing section of Λ2(Vx01,0 ⊕
(Vx01,0)∗),
Ω =
(
0 −1
1 0
)
.
Then
V˜x02 =
(Vx01,0 ⊕ (Vx01,0)∗, Ω)
is a family of polystable Sp(2,C)-bundles parametrized by X . If, instead of Ω, we take
the non-vanishing section of Sym2(Vx01,0 ⊕ (Vx01,0)∗),
Q =
(
0 1
1 0
)
,
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we obtain a family of polystable O(2,C)-bundles parametrized by X ,
V˚x02 =
(Vx01,0 ⊕ (Vx01,0)∗,Q) .
We see that (detQ)−1 is the section −1 of OX×X . Then the section τ of det(Vx01,0 ⊗
(Vx01,0)∗) can be taken to be the imaginary number
√−1 or −√−1. We fix τ = √−1 and
we construct the following family of SO(2,C)-bundles of degree 0
Vx02 =
(Vx01,0 ⊕ (Vx01,0)∗,Q,√−1) .
Remark 2.13. The restriction of V˜x02 and V˚x02 to two different points of X , x1 and x2,
give S-equivalent (isomorphic) bundles (V˜x02)x1 ∼S (V˜x02 )x2 and (V˚x02 )x1 ∼S (V˚x02 )x2 if
and only if x1 = −x2.
Now we define V˜x02m to be the family of polystable Sp(2m,C)-bundles induced by tak-
ing the fibre product of m copies of V˜x02 , which is parametrized by Zm = X× m. . . ×X .
By Proposition 2.8 this family includes representatives of all S-equivalence classes of
semistable Sp(2m,C)-bundles. It follows that M(Sp(2m,C)) is connected.
Recall the stable O(k,C)-bundle (Estk,a, Qstk ) appearing in Theorem 2.5. Define V˚x0n,k,a
to be the family of polystable O(n,C)-bundles given by the direct sum of (Estk,a, Qstk ) and
mk =
n−k
2 copies of V˚x02 . This family is parametrized by Zmk = X× mk. . . ×X .
Analogously, for all values of (n,w2), we define families of polystable SO(n,C)-
bundles Vx0n,w2 as follows:
• Vx02m,0 is given by m copies of V
x0
2 and therefore it is parametrized by Zm =
X× m. . . ×X ,
• Vx02m+1,0 is given by the direct sum of (Est1,0, Qst1 , 1) and m copies of V
x0
2 and
therefore it is parametrized by Zm = X× m. . . ×X ,
• Vx02m+1,1 is given by the direct sum of (Est3,0, Qst3 , 1) and m− 1 copies of V
x0
2 and
therefore it is parametrized by Zm−1 = X× m−1. . . ×X ,
• Vx02m,1 is given by the direct sum of (Est4,0, Qst4 , 1) and m − 2 copies of V
x0
2 and
therefore it is parametrized by Zm−2 = X× m−2. . . ×X .
It follows from Proposition 2.8 that M(SO(n,C)) has two connected components, de-
noted by M(SO(n,C))w2 , where w2 = 0, 1.
The symmetric group Sm acts naturally on (Z2× m. . . ×Z2) permuting the factors.
Using this action we define Γm as the semidirect product
(22) Γm := (Z2× m. . . ×Z2)⋊Sm
determined by the commutation relations σc = (σ · c)σ, for any σ ∈ Sm and any c ∈
(Z2× m. . . ×Z2).
The permutation action of the symmetric group and the action of Z2 on X given by
−1 ·x = −x induce an action of Γm on Zm = X× m. . . ×X . The quotient of this space by
Γm under this action is
Zm / Γm = X× m. . . ×X / Γm = Symm(X/Z2) ∼= Symm(P1) ∼= Pm.
Let Dm be the subgroup of Z2× m. . . ×Z2 given by the tuples c = (ci, . . . , cm) such
that only an even number of ci are equal to−1. We recall that Γm is the semidirect product
of (Z2× m. . . ×Z2) and Sm. We define ∆m ⊂ Γm as the subgroup
(23) ∆m := {σc ∈ Γm such that c ∈ Dm}.
The action of Γm on X× m. . . ×X induces an action of ∆m.
Remark 2.14. Consider the families V˜x02m, V˚x0n,k,a and V
x0
n,w2 when (n,w2) is (2m, 1),
(2m + 1, 0) or (2m + 1, 1). These families are parametrized by Zm′ = X× m′. . . ×X for
some m′. By Remark 2.13 and Lemma 2.11 we have that any two points z1, z2 ∈ Zm′
parametrize isomorphic (S-equivalent) bundles if and only if z1 = γ · z2 for some γ ∈ Γm.
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Remark 2.15. Let z1, z2 ∈ Zm = X× m. . . ×X . It follows by Lemma 2.12 that (Vx02m,0)z1
is isomorphic (S-equivalent) to (Vx02m,0)z2 if and only if there exists γ ∈ ∆m such that
γ · z1 = z2.
Proposition 2.16. The connected components of M(O(2m + 1,C)) are indexed by k =
1, 3 and a = 0, . . . , nk − 1 where n1 = 4, and n3 = 4.
The connected components ofM(O(2,C)) are indexed by k = 0, 2 and a = 0, . . . , nk−
1 where n0 = 1 and n2 = 6.
If m > 1, the connected components of M(O(2m,C)) are indexed by k = 0, 2, 4 and
a = 0, . . . , nk − 1 where n0 = 1, n2 = 6 and n4 = 1.
Proof. Since the families V˚x0n,k,a are parametrized by the connected variety Z(n−k)/2, all
the S-equivalence classes of semistable O(n,C)-bundles parametrized by V˚x0n,k,a lie in the
same connected component of M(O(n,C)).
On the other hand if (Estk,a, Qstk ) ≇ (Estk′,a′ , Qstk′), we observe that there is no family of
semistable O(n,C)-bundles connecting an S-equivalence class parametrized by V˚x0n,k,a and
an S-equivalence class parametrized by V˚x0n,k′,a′ . 
Theorem 2.17. Denote the connected components of M(O(n,C)) by M(O(n,C))k,a
where k, a are as in Proposition 2.16. There are natural isomorphisms
ς˜x0m : Zm / Γm = Sym
m(X/Z2)
∼=−→M(Sp(2m,C)),
ς˚x0n,k,a :
Z(n−k)/2
/
Γ(n−k)/2 = Sym
(n−k)/2(X/Z2)
∼=−→M(O(n,C))k,a,
ςx02m,0 : Zm / ∆m
∼=−→M(SO(2m,C))0.
For (n,w2) = (2m+ 1, 0), (2m + 1, 1) and (2m, 1) we set respectively m′ = m, m− 1
and m− 2. There are natural isomorphisms
ςx0n,w2 :
Zm′ / Γm′ = Sym
m′(X/Z2)
∼=−→M(SO(n,C))w2 ,
Proof. The family V˜x0m induces a morphism
νV˜x0m : Zm = X× m. . . ×X −→M(Sp(2m,C)),
and by Remark 2.14 it factors through ς˜x0m . By Zariski’s Main Theorem, this map is an
isomorphism since it is bijective and M(Sp(2m,C)) is normal.
Using V˚x0n,k,a and V
x0
n,w2 , we can apply the same construction to describeM(O(n,C))k,a
and M(SO(n,C))w2 . 
3. HIGGS BUNDLES OVER ELLIPTIC CURVES
3.1. Higgs bundles. A Higgs bundle over an elliptic curve X is a pair (E,Φ), where E is
a vector bundle on X and Φ is an endomorphism of E called the Higgs field. Two Higgs
bundles, (E1,Φ1) and (E2,Φ2), are isomorphic if there exists an isomorphism of vector
bundles f : E1 → E2 such that Φ2 = f ◦ Φ1 ◦ f−1.
Given the Higgs bundle (E,Φ), we say that a subbundle F ⊂ E is Φ-invariant if Φ(F )
is contained in F . A Higgs bundle (E,Φ) is semistable if the slope of any Φ-invariant
subbundle F satisfies
µ(F ) ≤ µ(E).
The Higgs bundle is stable if the above inequality is strict for every proper Φ-invariant
subbundle and polystable if it is semistable and isomorphic to a direct sum of stable Higgs
bundles.
If (E,Φ) is semistable, then it has a Jordan-Ho¨lder filtration of Φ-invariant subbundles
0 = E0 ( E1 ( E2 ( · · · ( Em = E
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where the restriction of the Higgs field to every quotient Ei/Ei−1 induces a stable Higgs
bundle (Ei/Ei−1, Φ˜i) with slope µ(Ei/Ei−1) = µ(E). For every semistable Higgs bun-
dle (E,Φ) we define its associated graded object
gr(E,Φ) :=
⊕
i
(Ei/Ei−1, Φ˜i).
Although the Jordan-Ho¨lder filtration may not be uniquely determined by (E,Φ), the iso-
morphism class of gr(E,Φ) is. Two semistable Higgs bundles (E,Φ) and (E′,Φ′) are said
to be S-equivalent if gr(E,Φ) ∼= gr(E′,Φ′). Denote by [(E,Φ)]S the S-equivalence class
of (E,Φ).
A family of Higgs bundles parametrized by Y is a pair E = (V , Φ), where V is a family
of vector bundles parametrized by Y andΦ is a section of EndV . For every y ∈ Y , we will
write Ey for the Higgs bundle over X obtained by restricting E to X × {y}. Two families
of semistable Higgs bundles are S-equivalent if they are pointwise S-equivalent.
Consider the moduli functor that associates to every scheme Y the set of S-equivalence
classes of families of semistable Higgs bundles parametrized by Y . By [Ni] and [Si1]
there exists a coarse moduli space M(GL(n,C))d of S-equivalence classes of semistable
Higgs bundles of rank n and degree d associated to this moduli functor. The points of
M(GL(n,C))d correspond to S-equivalence classes of semistable Higgs bundles and can
be identified also with isomorphism classes of polystable Higgs bundles since in every
S-equivalence class there is always a polystable Higgs bundle which is unique up to iso-
morphism. The locus of stable Higgs bundles Mst(GL(n,C))d is an open subvariety of
M(GL(n,C))d.
3.2. Special linear and projective Higgs bundles. A special linear or SL(n,C)-Higgs
bundle over the elliptic curveX is a triple (E,Φ, τ) where (E, τ) is a SL(n,C)-bundle and
Φ is an endomorphism of E such that trΦ = 0. As we saw in Section 2.2, we can forget
about τ and then a SL(n,C)-Higgs bundle over X is a Higgs bundle (E,Φ) with trivial
determinant and traceless Higgs field, i.e. detE ∼= O, tr Φ = 0. Two SL(n,C)-Higgs
bundles are isomorphic if they are isomorphic Higgs bundles.
A SL(n,C)-Higgs bundle is semistable, stable or polystable if it is, respectively, a
semistable, stable or polystable Higgs bundle. Two semistable SL(n,C)-Higgs bundles are
S-equivalent if they are S-equivalent Higgs bundles, and two families of SL(n,C)-Higgs
bundles are S-equivalent if they are pointwise S-equivalent. Using the moduli problem for
Higgs bundles, we define the moduli functor for SL(n,C)-Higgs bundles by restricting
to trivial determinant and traceless Higgs fields. We denote by M(SL(n,C)) the coarse
moduli space associated to this moduli problem and by Mst(SL(n,C)) the stable locus,
which is a Zariski open subset of M(SL(n,C)).
Take the morphism (det, tr) from M(GL(n,C))0 to Pic0(X) × H0(X,O) and note
that
(24) M(SL(n,C)) ∼= (det, tr)−1(O, 0) ⊂M(GL(n,C))0.
A PGL(n,C)-Higgs bundle over the elliptic curve X is a pair (P(E),Φ) where P(E)
is a projective bundle given by the vector bundle E and Φ is an element of H0(X,EndE)
with tr Φ = 0. There exists a natural isomorphism between EndE and End(L ⊗ E) and
then an isomorphism between thePGL(n,C)-Higgs bundles (P(E1),Φ1) and (P(E2),Φ2)
corresponds to an isomorphism f : E1
∼=−→ E2 ⊗ L, for some L ∈ Pic(X), such that
f ◦ Φ1 ◦ f−1 = Φ2 ⊗ idL.
A PGL(n,C)-Higgs bundle (P(E),Φ) is semistable, stable or polystable if (E,Φ) is
respectively a semistable, stable or polystable Higgs bundle. If (P(E),Φ) is semistable
and gr(E,Φ) = (grE, grΦ), we define the associated graded object of (P(E),Φ) as the
pair (P(grE), grΦ). Two semistable PGL(n,C)-Higgs bundles are S-equivalent if they
have isomorphic graded objects.
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Following Remark 2.1, we require that a family of PGL(n,C)-Higgs bundles (P(E), Φ)
comes from a family of Higgs bundles (E , Φ). Define S-equivalence of families of semista-
ble PGL(n,C)-Higgs bundles pointwise and consider the moduli functor that associates
to every scheme Y the set of S-equivalence classes of families of semistable PGL(n,C)-
Higgs bundles of topological type d˜ parametrized by Y . There exists a coarse moduli
spaceM(PGL(n,C))d˜ associated to this functor and, if d is a representative of d˜, it can be
proved that M(PGL(n,C))d˜ is the quotient of (tr)−1(0) ⊂ M(GL(n,C))d by Pic(X)0
and therefore
(25) M(PGL(n,C))d˜ ∼= (det, tr)
−1(O(x0)⊗d, 0)/ Pic0(X)[n] .
3.3. Symplectic and orthogonal Higgs bundles. A Sp(2m,C)-Higgs bundle over the
elliptic curve X is a triple (E,Ω,Φ), where (E,Ω) is a Sp(2m,C)-bundle and Φ ∈
H0(X,EndE) is an endomorphism of E which anticommutes with Ω, i.e. for every
x ∈ X and every u, v ∈ Ex,
Ω(u,Φ(v)) = −Ω(Φ(u), v).
Two Sp(2m,C)-Higgs bundles, (E,Ω,Φ) and (E′,Ω′,Φ′) are isomorphic if there exists
an isomorphism of Sp(2m,C)-bundles f : (E′,Ω′)→ (E,Ω) such that Φ′ = f−1Φf .
An O(n,C)-Higgs bundle (resp. a SO(n,C)-Higgs bundle) overX is a triple (E,Q,Φ)
(resp. a quadruple (E,Q,Φ, τ)), where (E,Q) is an O(n,C)-bundle (resp. (E,Q, τ) is a
SO(n,C)-bundle) and Φ ∈ H0(X,EndE) is an endomorphism ofE which anticommutes
with Q, i.e. for every x ∈ X and every u, v ∈ Ex,
Q(u,Φ(v)) = −Q(Φ(u), v).
Two O(n,C)-Higgs bundles (resp. SO(n,C)-Higgs bundles) (E,Q,Φ) and (E′, Q′,Φ′)
(resp. (E,Q,Φ, τ) and (E′, Q′,Φ′, τ ′)) are isomorphic if there exists an isomorphism of
O(n,C)-bundles f : (E′, Q′) → (E,Q) (resp. an isomorphism of SO(n,C)-bundles
f : (E′, Q′, τ ′)→ (E,Q, τ)) such that Φ′ = f−1Φf .
The following notions of stability, semistability and polystability of Sp(2m,C),O(n,C)
and SO(n,C)-Higgs bundles are the notions of stability worked out in [GGM] (see also
[AG] for the stability of SO(n,C)-Higgs bundles).
Let (E,Θ,Φ) be a Sp(2m,C)-Higgs bundle or an O(n,C)-Higgs bundle. Note that
µ(E) = 0 since E ∼= E∗. We say that (E,Θ,Φ) is semistable if and only if, for any
Φ-invariant isotropic subbundle F of E,
µ(F ) ≤ µ(E) = 0,
and it is stable if the above inequality is strict for any proper Φ-invariant isotropic sub-
bundle. If (E,Θ,Φ) is a semistable Sp(2m,C)-Higgs bundle or O(n,C)-Higgs bundle
we have a Jordan-Ho¨lder filtration (see for instance [GGM]) of Φ-invariant subbundles,
consisting of
0 = E0 ( E1 ( · · · ( Ek−1 ( Ek ⊆ E⊥Θk ( E⊥Θk−1 ( · · · ( E⊥Θ1 ( E⊥Θ0 = E,
such that, if we denote by Φi and Φ
′
i the Higgs fields on Ei/Ei−1 and E
⊥Θ
i−1/E
⊥Θ
i induced
by Φ, we have for every i ≤ k that (Ei/Ei−1,Φi) and (E⊥Θi−1/E⊥Θi ,Φ
′
i) are stable Higgs
bundles and Θ induces an isomorphism θi : (Ei/Ei−1,Φi)
∼=−→ ((E⊥Θi−1/E⊥Θi )∗,−(Φ
′
i)
t).
If E⊥Θk /Ek is non-zero and Φ˜ is the Higgs field on it induced by Φ, Θ induces a non-
degenerate symplectic or symmetric form Θ˜ anticommuting with Φ˜, in such a way that
(E⊥Θk /Ek, Θ˜, Φ˜) is a stable Sp(2m′,C) or O(n′,C)-Higgs bundle.
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We define the associated graded object of a semistable Sp(2m,C) or O(n,C)-Higgs
bundle (E,Θ,Φ) in terms of a Jordan-Ho¨lder filtration,
gr(E,Θ,Φ) :=(E⊥Θk /Ek, Θ˜, Φ˜) ⊕
⊕
k⊕
i=1
(
(Ei/Ei−1)⊕ (E⊥Θi−1/E⊥Θi ),
(
0 bθti
θi 0
)
,
(
Φi
Φ
′
i
))
,
where b = −1 for Sp(2m,C)-Higgs bundles and b = 1 for O(n,C)-Higgs bundles. As
in the previous cases, the Jordan-Ho¨lder filtration may not be unique, but gr(E,Θ,Φ) is
unique up to isomorphism.
Forn > 2, a SO(n,C)-Higgs bundle is semistable, stable or polystable if it is semistable,
stable or polystable as an O(n,C)-Higgs bundle. The graded object of a SO(n,C)-Higgs
bundle is given by the graded object of the underlying O(n,C)-Higgs bundle.
We define stability and S-equivalence of families pointwise, as we did for families of
Higgs bundles. S-equivalence between families of stable objects implies isomorphism
pointwise. The moduli functors are defined by associating to every scheme Y the set
of S-equivalence classes of families parametrized by Y . In [Si3] it is proved that there
exist moduli spaces associated to these moduli functors; we denote them respectively
by M(Sp(2m,C)), M(O(n,C))k,a and M(SO(n,C))ω2 . We denote the stable loci by
Mst(Sp(2m,C)), Mst(O(n,C)) andMst(SO(n,C)).
3.4. Normality of the moduli spaces. Normality is an important local property of some
algebraic varieties whose study is simplified by the following result (see for example [Ha,
Chap II.8]).
Proposition 3.1. (Serre’s Criterion of normality) The algebraic variety Y is normal if
and only if the following properties are satisfied:
(R1) the codimension of the singular locus Sing(Y ) is strictly greater than 1;
(S2) for every y ∈ Y we have
depth(OY,y) ≥ min{2, dim(OY,y)}.
Recall that ΓR = R ×Z Γ, where Γ denotes the universal central extension by Z of the
fundamental group π1(X). To study the normality of the moduli spaceM(G)d ofG-Higgs
bundles it is enough, by the Isosingularity Theorem of [Si3], to study the normality of the
moduli spaceR(G)d of central representations of ΓR into G. Recall that the latter is a GIT
quotient of the space Homc(ΓR, G)d of central representations of ΓR in G with topological
invariant d ∈ π1(G) by the adjoint action of G.
Proposition 3.2. ([MFK, Section 0.2]) Suppose that Y is a categorical quotient of Z by
the complex reductive Lie group G. If Z is normal and locally integral, then Y is normal
and locally integral.
We focus our study on the normality of Homc(ΓR, G)d. If ρ is a central representation
of topological type 0, one has ρ(R) = 1. Therefore the space Homc(ΓR, G)0 is identified
with the space Hom(π1(X), G)0 of representations of the fundamental group of the curve
with topologically trivial invariant. Since π1(X) ∼= Z× Z, we have that Hom(π1(X), G)
is the commuting variety of the group G,
C(G) := {(g, g′) ∈ G×G | [g, g′] = id}.
Also the commuting variety of a Lie algebra g, defined by
C(g) := {(A,A′) ∈ g× g | [A,A′] = 0},
will be important for us. Commuting varieties have been extensively studied. For example,
one can check that they are reduced algebraic varieties and, by the following result of [Ri],
C(g) is irreducible and therefore integral. When G is semisimple and simply connected,
so is C(G).
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Proposition 3.3. ([Ri, Corollary 2.5 and Theorem C]) Let G be a semisimple simply con-
nected complex Lie group and let g be a reductive Lie algebra. Then C(G) and C(g) are
irreducible algebraic varieties.
The property of C(G) and C(g) being normal has not been determined in general but
there is a long-standing conjecture stating that the commuting variety C(g) is always nor-
mal (see [Po] and [Pr]). The following result states that C(g) satisfies Serre’s condition
(R1).
Proposition 3.4. ([Po, Corollary 1.9]) Let g be a noncommutative complex reductive Lie
algebra. The singular locus Sing(C(g)) has codimension greater than or equal to 2.
If C(g) were Cohen-Macaulay then it would automatically satisfy Serre’s condition
(S2) and would therefore be a normal variety. Up to now, this has only been deter-
mined for gl(n,C) and lower rank using computations performed by the computer program
Macaulay.
Proposition 3.5. ([BMM] for n = 3 and [Hr] for n = 4) Let n ≤ 4. Then the commuting
variety C(gl(n,C)) is Cohen-Macaulay.
Note that C(GL(n,C)) is an open subset of C(gl(n,C)) given by the non-vanishing of
the determinant.
Corollary 3.6. Let n ≤ 4. Then the commuting varieties C(GL(n,C)) and C(gl(n,C))
are normal.
Theorem 3.7. Let n ≤ 4. Then the moduli spaces M(GL(n,C))0, M(SL(n,C)) and
M(PGL(n,C))0 are normal.
Proof. By Proposition 3.3 and Corollary 3.6, the variety Hom(π1(X),GL(n,C)) is nor-
mal and integral. By Proposition 3.2 the moduli space of representations R(GL(n,C))0
is normal. This implies thatM(GL(n,C))0 is normal by the Isosingularity Theorem [Si3,
Theorem 10.6].
ForM(SL(n,C)), in view of (24) and the fact that Pic0(X)×H0(X,O) is smooth, it
follows thatM(SL(n,C)) is a complete intersection in some open set in M(GL(n,C))0,
so (S2) holds. It is easy to check that (R1) also holds (or see Theorem 4.27).
Finally, forM(PSL(n,C))0, use the result for M(SL(n,C)) and (25). 
4. DESCRIPTION OF THE MODULI SPACES
4.1. Stability in terms of the underlying bundle. The triviality of the canonical line
bundle simplifies the study of the semistability of Higgs bundles over elliptic curves.
Proposition 4.1. The Higgs bundle (E,Φ) is semistable if and only if E is semistable.
Proof. If the vector bundle E is semistable, every subbundle F satisfies µ(F ) ≤ µ(E), so
the Higgs bundle (E,Φ) is semistable too.
Suppose E is not semistable and take its Harder-Narasimhan filtration
0 = F0 ⊂ F1 ⊂ · · · ⊂ Fs−1 ⊂ Fs = E,
where the Ei = Fi/Fi−1 are semistable with µ(Ei) > µ(Ej) if i < j. In particular we
have H0(X,Hom(Ei, Ej)) = 0 if i < j.
The subbundle F1 = E1 has µ(F1) > µ(E). Suppose Φ(F1) is non-zero and take Fℓ
such that Φ(F1) ⊆ Fℓ but Φ(F1) * Fℓ−1. Thus Φ induces a non-zero morphism from
E1 = F1 to Eℓ = Fℓ/Fℓ−1, but there are no non-zero morphisms unless ℓ = 1. Then F1
is Φ-invariant and (E,Φ) is not semistable. 
Corollary 4.2. If gcd(n, d) = 1, then (E,Φ) is stable if and only if E is stable.
We need to extend Corollary 4.2 to the non-coprime case.
HIGGS BUNDLES OVER ELLIPTIC CURVES 21
Proposition 4.3. (E,Φ) is stable if and only if E is stable.
Proof. Take first E strictly semistable and indecomposable, so E ∼= E′ ⊗ Fh, where
h = gcd(n, d) > 1 andE′ is stable of rank n′ = nh and degree d
′ = dh . The endomorphism
bundle satisfies
H0(X,EndE) ∼= H0(X,EndE′ ⊗ EndFh)
∼=
⊕
Li∈Pic0(X)[n′]
H0(X,Li ⊗ EndFh).
We have EndFh ∼= F1 ⊕ . . . F2h−1, and H0(X,Li ⊗ Fj) = 0 for every Fj and every
non-trivial Li ∈ Pic0(X)[n], so H0(X,Li ⊗ EndFh) = 0 if Li ≇ O. This implies
that H0(X,EndE) ∼= H0(X,EndFh) and every endomorphism of E has the form Φ =
idE′ ⊗φ for some φ ∈ EndFh.
The vector bundle Fh has a unique subbundle isomorphic toO. Let φ ∈ EndFh. If φ is
non-zero, φ(O) is either zero or a subbundle of Fh with a non-zero section, so φ(O) ⊆ O.
If φ = 0,O is again φ-invariant. The subbundleE′⊗O contradicts the stability of (E,Φ).
Now consider E strictly semistable and decomposable. One can write
E ∼=
s⊕
j=1
Ej ∼=
s⊕
j=1
(E′j ⊗ (Fhj,1 ⊕ · · · ⊕ Fhj,kj ))
where the E′j are stable vector bundles of rank n′ and degree d′ such that E′j 6∼= E′k if
j 6= k. For j 6= k,
Hom(E′j ⊗ Fhj , E′k ⊗ Fhk) = 0,
so Φ(Ej) ⊂ Ej and then the Higgs bundle (E,Φ) decomposes in a direct sum of (Ej ,Φj)
where Φj is the restriction to Ej . This contradicts stability of (E,Φ) when s 6= 1.
Now consider E ∼= E′ ⊗ (Fh1 ⊕ · · · ⊕ Fhk) with E′ stable, so
EndE ∼= End

 k⊕
j=1
Fhj

 , Φ = idE′ ⊗φ, φ ∈ H0

X,End

 k⊕
j=1
Fhj



 .
Now
⊕k
j=1 Fhj has a unique subbundleOk and H0(Ok)
∼=→֒ H0(⊕kj=1 Fhj ). SoOk is φ-
invariant and E′ ⊗Ok is Φ-invariant. This implies that (E,Φ) is strictly semistable unless
all hj = 1 and E ∼= E′ ⊗ Oh. In this case φ ∈ EndOk = {k × k matrices}. Choose
an eigenvector v for φ. Then E′ ⊗ v contradicts stability of (E,Φ) and (E,Φ) is strictly
semistable. 
Corollary 4.4. Let (E,Φ) be polystable of rank n and degree d, and h = gcd(n, d). Then
(E,Φ) =
h⊕
i=1
(Ei,Φi)
where Ei is a stable bundle of rank n′ = nh and degree d′ = dh and
Φi ∈ H0(X,EndEi) ∼= H0(X,O)⊗ idEi .
Furthermore (E,Φ) is polystable only if E is polystable.
Remark 4.5. Although the polystability of the underlying vector bundle is a necessary
condition for the polystability of the Higgs bundle, it is not sufficent.
To illustrate this fact, take (E,Φ) such that E ∼= O ⊕ O and Φ = A ⊗ 1X , where A
is non-diagonalizable. It follows that (E,Φ) is an indecomposable Higgs bundle. Since E
is a strictly polystable vector bundle, (E,Φ) is not stable. Also, (E,Φ) is indecomposable
so it is not possible to express (E,Φ) as a direct sum of stable Higgs bundles.
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The following result is well known for Sp(2m,C), O(n,C) or SO(n,C) over smooth
projective curves of arbitrary genus. We give here a proof specific for g = 1.
Proposition 4.6. If (E,Θ,Φ) is a semistable Sp(2m,C) or O(n,C)-Higgs bundle, then
(E,Φ) is semistable. If n > 2 and (E,Q,Φ, τ) is a semistable SO(n,C)-Higgs bundle,
then (E,Φ) is semistable.
Proof. Suppose that (E,Φ) is not semistable and take the first term of its Harder-Narasim-
han filtration
0 = F0 ⊂ F1 ⊂ · · · ⊂ Fn = E.
The subbundle F1 is Φ-invariant, µ(F1) > µ(E) = 0 and (F1,ΦF1) is semistable; by
Proposition 4.1 so is F1. By [AB, Lemma 10.1] F ∗1 ⊗F ∗1 is semistable of negative degree.
If the bundle F1 is not isotropic then ΘF1,F1 ∈ H0(X,F ∗1 ⊗ F ∗1 ) must be non-zero and
there exists a line subbundle of F ∗1 ⊗ F ∗1 of degree ≥ 0, contradicting the semistability of
F ∗1 ⊗ F ∗1 . So F1 is isotropic and contradicts the semistability of (E,Θ,Φ).
The statement for SO(n,C)-Higgs bundles follows from the fact that (when n > 2) a
SO(n,C)-Higgs bundle (E,Q,Φ, τ) is semistable if and only if the underlying O(n,C)-
Higgs bundle (E,Q,Φ) is semistable. 
Combining Proposition 4.6 with Proposition 4.1 gives us
Corollary 4.7. If (E,Θ,Φ) is a semistable O(n,C) or Sp(2m,C)-Higgs bundle, then
(E,Θ) is semistable. If (E,Q,Φ, τ) is a semistable SO(n,C)-Higgs bundle, then (E,Q, τ)
is a semistable SO(n,C)-bundle.
Proposition 4.8. Let (E,Θ,Φ) be a stable O(n,C) or Sp(2m,C)-Higgs bundle. Then
Φ = 0 and (E,Θ) is a stable O(n,C) or Sp(2m,C)-bundle.
Let (E,Q,Φ, τ) be a stable SO(n,C)-Higgs bundle. Then Φ = 0 and (E,Q, τ) is a
stable SO(n,C)-bundle.
Proof. By Proposition 4.6 (E,Φ) is semistable. If (E,Φ) is stable, then E is stable by
Proposition 4.3; since degE = 0, it follows that E has rank 1. Since Φ anticommutes with
Θ, this implies that Φ = 0.
Assume now that (E,Φ) is not stable and take (F1,Φ1) to be the first term of a Jordan-
Ho¨lder filtration; since Φ anticommutes with Θ, one infers that F⊥Θ1 is Φ-invariant. Fol-
lowing [R], we define the Φ-invariant subbundles W and V generated by F1 ∩ F⊥Θ1 and
F1 + F
⊥Θ
1 respectively. Note that V =W⊥Θ and then the exact sequence
0 −→W −→ F1 ⊕ F⊥Θ1 −→ V −→ 0
implies that deg(W ) + deg(W⊥Θ) = deg(F1) + deg(F⊥Θ1 ). Recalling (17), one has that
deg(W ) = deg(F1) = 0. This implies that W = 0 by the stability of (E,Θ,Φ) and the
fact that W is isotropic and Φ-invariant. Then V = E = F1 ⊕ F⊥Θ1 and
(E,Φ) = (F1,Φ1)⊕ (F⊥Θ1 ,Φ2),
where Φ2 is the restriction of Φ to F⊥Θ1 . Note that (F1,Φ1) is a stable Higgs bundle and
(F⊥Θ1 ,Φ2) is semistable. By induction, we decompose (F
⊥Θ
1 ,Φ2) into stable factors pro-
ving that (E,Φ) is polystable. Since deg(E) = 0, by Corollary 4.4 (E,Φ) decomposes as
a direct sum of Higgs line bundles of degree 0,
(E,Φ) ∼=
⊕
(Li, φi).
No Li is isotropic, otherwise it would contradict the stability of (E,Θ,Φ) since Li is Φ-
invariant. Thus Θ restricts to Li and since Θ anticommutes with the Higgs field we have
φi = −φi. Therefore Φ = 0. 
Corollary 4.9. The only stable O(k,C)-Higgs bundles are (Estk,a, Qstk , 0), where the un-
derlying O(k,C)-bundles (Estk,a, Qstk ) are the stable O(k,C)-bundles appearing in Theo-
rem 2.5.
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Corollary 4.10. Let (E,Θ,Φ) be a polystableO(n,C) or Sp(2m,C)-Higgs bundle. Then
(E,Θ) is a polystable O(n,C) or Sp(2m,C)-bundle.
Let (E,Q,Φ, τ) be a polystable SO(n,C)-Higgs bundle. Then (E,Q, τ) is a polystable
SO(n,C)-bundle.
Proof. This follows from Proposition 4.8 and the definition of polystability. 
Corollary 4.11. A Sp(2m,C)-Higgs bundle over an elliptic curve is polystable if and only
if it is isomorphic to a direct sum of polystable Sp(2,C)-Higgs bundles.
An O(n,C)-Higgs bundle is polystable if and only if it is isomorphic to a direct sum of
polystableO(2,C)-Higgs bundles or it is isomorphic to a direct sum of polystableO(2,C)-
Higgs bundles and a stable O(m,C)-Higgs bundle (where m = 1, 3 or 4).
Let n > 2. Let (E,Q,Φ, τ) be a polystable SO(n,C)-Higgs bundle with Stiefel-
Whitney class w2,
(1) if n = 2n′ and w2 = 0, it is a direct sum of mn,w2 = n′ stable SO(2,C)-Higgs
bundles of trivial degree,
(2) if n = 2n′ + 1 and w2 = 0, it is a direct sum of (Est1,0, Qst1 , 0, 1) and mn,w2 = n′
stable SO(2,C)-Higgs bundles of trivial degree,
(3) if n = 2n′ + 1 and w2 = 1, it is a direct sum of (Est3,0, Qst3 , 0, 1) and mn,w2 =
n′ − 1 stable SO(2,C)-Higgs bundles of trivial degree,
(4) if n = 2n′ and w2 = 1, it is a direct sum of (Est4,0, Qst4 , 0, 1) and mn,w2 = n′ − 2
stable SO(2,C)-Higgs bundles of trivial degree.
Proof. This follows from Propositions 4.8 and 2.8. 
Proposition 4.12. Let G be GL(n,C), SL(n,C), PGL(n,C), Sp(2m,C), O(n,C) or
SO(n,C). Then we have a morphism between moduli spaces
aG :M(G)d −→M(G)d
defined by the underlying principal bundle of a Higgs bundle for these structure groups.
The fibres of this map are connected.
Proof. The existence of this map follows from Proposition 4.1 and Corollary 4.7.
For any Higgs bundle (E,Φ) in the fibre of E there exists a path connecting (E,Φ) to
(E, 0). So the fibre is connected. 
Corollary 4.13. For any topological type d, M(G)d is connected.
Proof. This follows since M(G)d is connected by (11), (13), (16) and Theorem 2.17. 
4.2. The moduli space of Higgs bundles. The abelian group structure defined on X in-
duces naturally an abelian group structure on T ∗X . Recall here that the canonical bundle
is trivial, so
T ∗X ∼= X × C.
The moduli space M(GL(1,C))0 is naturally identified with T ∗ Pic0(X), so the isomor-
phism ςx01,d : X → Picd(X) of (6) gives an isomorphism
ηx01,d : T
∗X
∼=−→M(GL(1,C))d
for every d.
Theorem 4.14. Let n and d be two integers and write h = gcd(n, d). If h > 1, we have
Mst(GL(n,C))d = ∅.
Proof. This follows from Proposition 4.3 and Atiyah’s results. 
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Proposition 4.15. If gcd(n, d) = 1, then Mst(GL(n,C))d = M(GL(n,C))d and the
morphism
(det, tr) :M(GL(n,C))d
∼=−→M(GL(1,C))d
is an isomorphism.
Proof. If gcd(n, d) = 1, then there are no strictly semistable vector bundles nor strictly
semistable Higgs bundles, soM st(GL(n,C))d =M(GL(n,C))d andMst(GL(n,C))d =
M(GL(n,C))d. Moreover, the determinant gives an isomorphism
det :M(GL(n,C))d
∼=−→M(GL(1,C))d.
Taking differentials we obtain the isomorphism
(det, tr) : T ∗M(GL(n,C))d
∼=−→ T ∗M(GL(1,C))d.
Now, for any (n, d), T ∗M st(GL(n,C))d is an open subscheme ofMst(GL(n,C))d. Due
to Proposition 4.3, every stable Higgs bundle has a stable underlying vector bundle, so
T ∗M st(GL(n,C))d = Mst(GL(n,C))d. Since T ∗M(GL(n,C))d = M(GL(n,C))d,
the result follows. 
If gcd(n, d) = 1, we set ηx0n,d = (det, tr)−1 ◦ ηx01,d.
Theorem 4.16. If gcd(n, d) = 1, then
(26) ηx0n,d : T ∗X
∼=−→M(GL(n,C))d
is an isomorphism.
Proof. This follows from Proposition 4.15 and the definition of the isomorphism ηx01,d. 
Proposition 4.17. Let gcd(n, d) = 1. There exists a universal family Ex0n,d = (Vx0n,d, Φn,d)
of stable Higgs bundles of rank n and degree d parametrized by T ∗X .
Proof. Consider the family of Higgs bundles over X ×C ∼= T ∗X such that the restriction
to X × (x, t) is given by the pair ((Vx0n,d)x, λ ⊗ id(Vx0n,d)x) where λ =
1
n t. We can check
that for any (x, t) ∈ T ∗X one has
ηx0n,d((x, t)) = [(Ex0n,d)(x,t)]S .
Any family F → X × Y induces canonically a morphism νF : Y → Mst(GL(n,C))d.
Clearly, the composition f = (ηx0n,d)−1 ◦ νF is a morphism f : Y → T ∗X such that F is
S-equivalent to f∗Ex0n,d. 
If gcd(n, d) = h > 1, n′ = nh and d
′ = dh , we take the fibre product of h copies
of Ex0n′,d′ to define the family Ex0n,d of polystable Higgs bundles parametrized by T ∗Zh =
T ∗X× h. . . ×T ∗X .
Remark 4.18. The action of Sh on Zh induces an action of Sh on T ∗Zh. If w1 and w2
are two points of T ∗Zh, the Higgs bundles (Ex0n,d)w1 and (Ex0n,d)w2 are S-equivalent if and
only if for some γ ∈ Sh one has w2 = γ · w1 (i.e. w1 is a permutation of w2).
Theorem 4.19. Let h = gcd(n, d). Consider the moduli spaceM(GL(n,C))d associated
to the usual moduli problem.
(i) There exists a bijective morphism
ηx0n,d : Sym
h T ∗X −→M(GL(n,C))d.
(ii) Symh T ∗X is the normalization ofM(GL(n,C)d.
(iii) M(GL(n,C))d is irreducible.
(iv) If n ≤ 4, then ηx0n,0 is an isomorphism.
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Proof. (i) The family Ex0n,d induces a morphism
νEx0
n,d
: T ∗Zh = T
∗X× h. . . ×T ∗X −→M(GL(n,C))d,
and by Remark 4.18 it factors through Symh T ∗X giving the required bijective morphism.
Since Symh T ∗X is normal, (ii) follows from Zariski’s Main Theorem. The continuity
of ηx0n,d and the irreducibility of Sym
h T ∗X imply (iii). (iv) follows from Theorem 3.7. 
Although we cannot prove normality except when n ≤ 4, d = 0, or gcd(n, d) = 1, we
can identify the singular set of M(GL(n,C)d in all cases.
Theorem 4.20. The singular set Sing(M(GL(n,C)d) coincides with the set S of points
represented by polystable Higgs bundles for which at least two of the direct summands are
isomorphic. In particular, if h = gcd(n, d) ≥ 2, this set has codimension 2.
Proof. Note first that S is the image under νEx0
n,d
of the union∆ of the diagonals in T ∗Zh =
T ∗X× h. . . ×T ∗X . This union coincides with the union of the fixed point sets of the
elements of Sh acting on T ∗Zh. Since codim∆ = 2, the image of ∆ in T ∗Zh/Sh is
Sing(T ∗Zh/Sh). Since S = ηx0n,d(Sing(T ∗Zh/Sh)) and η
x0
n,d is bijective, it follows that
S is contained in Sing(M(GL(n,C)d)).
To see that the points outside S are smooth, we consider the deformation complex of a
Higgs bundle (E,Φ). This gives rise to an exact sequence
H0(X,EndE)
e0(Φ)−→ H0(X,EndE) −→ T −→ H1(X,EndE) e1(Φ)−→ H1(X,EndE),
where T is the infinitesimal deformation space of (E,Φ), the maps ei(Φ) are given by
ei(Φ)(Ψ) = [Ψ,Φ] and e1(Φ) is the Serre dual of e0(Φ). (For this, see [Ni] and note that
in our case the canonical bundle is trivial.) If (E,Φ) is polystable with non-isomorphic
summands (Ei,Φi) (1 ≤ i ≤ h), we have Φi = λi idEi ; moreover, if Ei ∼= Ej with i 6= j,
then λi 6= λj . It follows that
Ψ ∈ ker e0(Φ)⇐⇒ Ψ =
⊕
µi idEi
for some µi ∈ C. Hence codim(im e0(Φ)) = h. By duality dim(ker e1(Φ)) = h, so
dim(T ) = 2h.
On the other hand, we have a family of polystable Higgs bundles parametrized by T ∗Zh,
which has dimension 2h. It follows that the local deformation space of (E,Φ) is a complete
family and is smooth. So the point of the moduli space represented by (E,Φ) is smooth.

Remark 4.21. Note that this gives a direct proof that Sing(M(GL(n,C)d)) has codimen-
sion 2 without using Proposition 3.4. Moreover, we have shown that a small deformation of
a polystable Higgs bundle with non-isomorphic direct summands is polystable. In fact, one
can show directly, without using deformation theory, that, if (E,Φ) is a semistable Higgs
bundle such that gr(E,Φ) has non-isomorphic direct summands, then (E,Φ) is polystable.
To see this, it is sufficient to show that, if E1 and E2 are stable bundles of the same slope
and (E1,Φ1) 6∼= (E2,Φ2), then any extension
0 −→ (E1,Φ1) −→ (E,Φ) −→ (E2,Φ2) −→ 0
splits. If E1 6∼= E2, this is clear since then H1(E∗2 ⊗E1) = 0 and H0(E∗i ⊗Ej) = 0 when
i 6= j. If E1 = E2 but E 6∼= E1 ⊕E2, then E ∼= E1 ⊗F2 and any endomorphism of E has
the form idE1 ⊗φ for some endomorphism φ of F2. Now φ = λ idF2 +ν where ν2 = 0,
which implies that Φ1 = Φ2 = λ idE1 , contradicting the hypothesis that (E1,Φ1) 6∼=
(E2,Φ2). Finally, if E ∼= E1⊕E1 but Φ1 6= Φ2, then Φ can be written as a diagonalisable
2× 2 matrix, giving the required splitting of (E,Φ).
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4.3. A new moduli problem. In view of the fact that the normality of the moduli space
is in general an open question, we shall now define a moduli functor whose associated
moduli space is the normalization of M(GL(n,C))d. To do so, we modify the definition
of family.
We say that a family of semistable Higgs bundles F → X × Y is locally graded if for
every point y of Y there exists an open subset U ⊂ Y containing y and a set of families
E1, . . . , Eℓ where each Ei is a family of stable Higgs bundles parametrized by U such that
for every point y′ of U we have
grF|X×{y′} ∼=
ℓ⊕
i=1
Ei|X×{y′},
and therefore F|X×U ∼S
⊕
i Ei. The new moduli functor associates to a scheme Y the
set of S-equivalence classes of locally graded families of semistable Higgs bundles of rank
n and degree d parametrized by Y .
A family E parametrized by Z is said to have the local universal property if, for any
family F parametrized by Y and any point y ∈ Y , there exists a neighbourhood U con-
taining y and a (not necessarily unique) morphism f : U → Z such that F|U ∼ f∗E .
Families with the local universal property are very useful for describing moduli spaces as
we can see in the following result.
Proposition 4.22. (Proposition 2.13 of [Ne]) Let us suppose that there exists a family E
parametrized by Z with the local universal property. Suppose that there exists a group Γ
acting on Z such that Ez1 ∼ Ez2 if and only if z1 and z2 lie in the same orbit of this action.
Then a categorical quotient of Z by Γ is a coarse moduli space if and only if it is an orbit
space.
The definition of locally graded families is justified thanks to the next result.
Proposition 4.23. The family Ex0n,d has the local universal property among locally graded
families of semistable Higgs bundles.
Proof. Take F to be any locally graded family of semistable Higgs bundles of rank n and
degree d parametrized by Y . Set h = gcd(n, d), n′ = n/h and d′ = d/h. Since F is
locally graded, for every y ∈ Y there exists an open neighborhood U and a set of families
E1, . . . Eh of stable Higgs bundles of rank n′ and degree d′ parametrized by U and such
that
F|X×U ∼S
h⊕
i=1
Ei.
Since Ex0n′,d′ is a universal family, for every Ei there exists fi : U → T ∗X such that
Ei ∼S f∗i Ex0n′,d′ . Setting f = (f1, . . . , fh), we have
F|X×U ∼S f∗Ex0n,d.

Theorem 4.24. There exists a coarse moduli spaceN (GL(n,C))d of S-equivalence classes
of semistable Higgs bundles of rank n and degree d. Furthermore, there is a morphism
T ∗X →M(GL(n,C))d which induces an isomorphism
ξx0n,d : Sym
h T ∗X
∼=−→ N (GL(n,C))d.
MoreoverN (GL(n,C))d is the normalization ofM(GL(n,C))d.
Proof. Since Symh T ∗X = T ∗Zh/Sh is an orbit space, by Propositions 4.22 and 4.23
and Remark 4.18, the coarse moduli space N (GL(n,C))d exists and is isomorphic to
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Symh T ∗X . The isomorphism is given by
ξx0n,d : Sym
h T ∗X −→ N (GL(n,C))d
[(x1, t1), . . . , (xh, th)]Sh 7−→
[
Ex0n′,d′ |X×(x1,t1) ⊕ · · · ⊕ Ex0n′,d′ |X×(xh,th)
]
S
.
The last statement follows from Theorem 4.19. 
4.4. Moduli spaces of special linear and projective Higgs bundles.
Theorem 4.25.
Mst(SL(1,C)) = {pt},
and for n > 1
Mst(SL(n,C)) = ∅.
Proof. When the determinant is trivial the vector bundle has degree 0. The only stable
Higgs bundles with degree 0 are the Higgs line bundles and therefore (O, 0) is the only
stable SL(n,C)-Higgs bundle. 
Theorem 4.26.
Mst(PGL(n,C))d˜ = ∅
unless n ∈ Z+ and d˜ ∈ Zn are coprime. In that case
M(PGL(n,C))d˜ =Mst(PGL(n,C))d˜ ∼= {pt}.
Proof. We recall from Theorems 4.14 and 4.16 that there exist stable Higgs bundles of rank
n and degree d if and only if gcd(n, d) = 1. Recall that a stable PGL(n,C)-Higgs bundle
of degree d˜ can be represented by a pair (P(E),Φ), where E is a stable vector bundle of
degree d and trΦ = 0. When gcd(n, d) = 1, E is determined up to tensoring by a line
bundle L, so P(E) is uniquely determined. Since E is stable, the endomorphism Φ is a
scalar multiple of the identity; so Φ = 0. Thus (P(E),Φ) is uniquely determined.

We now study the preimage of (det, tr). We have a morphism
sumhT∗X : Sym
h T ∗X −→ T ∗X
[(x1, t1), . . . , (xh, th)]Sh 7−→
∑h
i=1(xi, ti).
Take the bijective morphism given in Theorem 4.19 to construct the diagram
(27) Symh T ∗X
sumhT∗X

η
x0
n,d
1:1
//M(GL(n,C))d
(det,tr)

T ∗X
∼=
η
x0
1,d
// Pic(X)d ×H0(X,O).
One can easily check that this diagram commutes.
Theorem 4.27. Consider the moduli space M(SL(n,C)) associated to the usual moduli
problem.
(i) There exists a bijective morphism
ηˆx0n : (T
∗X× n−1. . . ×T ∗X) /Sn −→M(SL(n,C)),
where the action of Sn on T ∗Zn−1 = T ∗X× n−1. . . ×T ∗X is induced by the action
on Zn−1 = X× n−1. . . ×X used in (13).
(ii) M(SL(n,C)) is irreducible.
(iii) Sing(M(SL(n,C))) coincides with the set of points represented by polystable Higgs
bundles for which at least two of the direct summands are isomorphic.
(iv) If n ≥ 2, Sing(M(SL(n,C))) has codimension 2.
(v) If n ≤ 4, the morphism of (i) is an isomorphism.
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Proof. (i) By (24) and (27), we have a bijective morphism
ηˆn : (sum
n
T∗X)
−1((x0, 0)) −→M(SL(n,C)).
The action of Sn on T ∗Zn−1 induced by the action of Sn on Zn−1 used in (13) gives us
an isomorphism between T ∗Zn−1/Sn and (sumnT∗X)−1((x0, 0)).
(ii) follows from the continuity of ηˆx0n and the irreducibility of the source.
(iii) and (iv) are proved in the same way as Theorem 4.20. The only changes are to
replace EndE by End0E and note that h = n. This gives dim(T ) = 2(n − 1) =
dim(T ∗Zn−1).
(v) follows by Zariski’s Main Theorem from Theorem 3.7. 
Let h = gcd(n, d), n′ = nh and d
′ = dh . Recall the action of X on Sym
hX defined in
(14); we extend it to an action of X on Symh T ∗X . The commutativity of (15) implies the
commutativity of
(28) X × Symh T ∗X
ς
x0
1,0×η
x0
n,d 1:1

// Symh T ∗X
η
x0
n,d
∼=

Pic0(X)×M(GL(n,C))d −⊗− //M(GL(n,C))d,
where the right arrow is the bijective morphism of Theorem 4.19. Recall that the action of
X [n] with weight n′ corresponds to the action of X [h] with weight 1 and that the action of
X [h] commutes with the action of the symmetric group Sh.
Note that h = gcd(n, d) is equal to n when d = 0.
Theorem 4.28. Consider the moduli space M(PGL(n,C))d˜ associated to the usual mo-
duli problem.
(i) There exists a bijective morphism
ηˇx0
n,d˜
: (T
∗X× h−1. . . ×T ∗X)/ Sh×X [n] −→M(PGL(n,C)d˜),
where the action of Sh×X [h] on T ∗Zh−1 = T ∗X× h−1. . . ×T ∗X is induced by the
action on Zh−1 = X× h−1. . . ×X used in (16).
(ii) M(PGL(n,C)d˜ is irreducible.
(iii) Sing(M(PGL(n,C))d˜) coincides with the set of points represented by polystable
Higgs bundles for which at least two of the direct summands are isomorphic.
(iv) If h ≥ 2, Sing(M(PGL(n,C))d˜) has codimension 2.
(v) If n ≤ 4 and d˜ = 0, the morphism of (i) is an isomorphism.
Proof. The proof is similar to that of Theorem 4.27.
(i) By (25), (27) and (28), we have a bijective morphism
((sumhT∗X)
−1((x0, 0)))/X [h] −→M(PGL(n,C))d˜.
The action of Sh×X [h] on T ∗Zh−1 induced by the action of Sh on Zh−1 used in (16)
gives an isomorphism between T ∗Zh−1/(Sh×X [h]) and ((sumhT∗X)−1((x0, 0)))/X [h].
(ii) follows from the continuity of ηˇx0
n,d˜
and the irreducibility of the source.
To prove (iii) we again modify the proof of Theorem 4.20 by replacing EndE by
End0E, giving dim(T ) = 2(h− 1) = dim(M(PGL(n,C))d˜).
(iv) follows from Theorem 4.27 when we note that, by Atiyah’s results, X [h] acts freely
on ((sumhT∗X)
−1((x0, 0))).
(v) follows by Zariski’s Main Theorem from Theorem 3.7. 
In order to obtain normal moduli spaces in the cases not covered by Theorems 4.27 (iv)
and 4.28 (iv), we again need to restrict ourselves to locally graded families.
A locally graded family of semistable SL(n,C)-Higgs bundles is a family of SL(n,C)-
Higgs bundles which is locally graded as a family of semistable Higgs bundles. The exis-
tence of a moduli space N (SL(n,C)) for the corresponding moduli functor follows from
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the existence ofN (GL(n,C))0 and
N (SL(n,C)) ∼= (det, tr)−1((O, 0)) ⊂ N (GL(n,C))0.
A locally graded family of semistable PGL(n,C)-Higgs bundles is a family (P(V), Φ)
of PGL(n,C)-Higgs bundles which is the projectivization of a locally graded family of
semistable Higgs bundles (V , Φ). It follows that the existence of N (GL(n,C))d implies
the existence ofN (PGL(n,C))d˜ and furthermore
N (PGL(n,C))d˜ ∼= (det, tr)
−1((O(x0)⊗d, 0))/ Pic0(X)[n] .
As in the case of (27) and (28), one can easily check that the diagrams
(29) Symh T ∗X
sumhT∗X

ξ
x0
n,d
∼=
// N (GL(n,C))d
(det,tr)

T ∗X
∼=
ξ
x0
1,d
// Pic(X)d ×H0(X,O)
and
(30) X × Symh T ∗X
ς
x0
1,0×ξ
x0
n,d
∼=

// Symh T ∗X
ξ
x0
n,d
∼=

Pic0(X)×N (GL(n,C))d −⊗− // N (GL(n,C))d
commute.
Note that in the commuting diagrams (29) and (30) we have an isomorphism ξx0n,d for
any value of n and d, while in the case of (27) and (28) the bijection ηx0n,d is proved to be
an isomorphism only in lower rank.
Theorem 4.29. Consider the action of Sn on T ∗Zn−1 = T ∗X× n−1. . . ×T ∗X induced by
the action on Zn−1 = X× n−1. . . ×X used in (13). We have isomorphisms
(31) ξˆx0n : (T ∗X× n−1. . . ×T ∗X) /Sn
∼=
// N (SL(n,C))
and
(32) ξˇx0
n,d˜
: (T
∗X× h−1. . . ×T ∗X)/Sh×X [h] ∼= // N (PGL(n,C))d˜.
Moreover, there are natural bijective morphisms
N (SL(n,C)) −→M(SL(n,C))
and
N (PGL(n,C))d˜ −→M(PGL(n,C))d˜.
Hence N (SL(n,C)) is the normalization of M(SL(n,C)) and N (PGL(n,C))d˜ the nor-
malization of M(PGL(n,C))d˜.
Proof. The proofs of (31) and (32) follow the proofs of Theorems 4.27 and 4.28.
The remaining statements follow from the universal property of M(SL(n,C)) and
M(PGL(n,C))d˜, the normality of the quotients of T ∗X× n−1. . . ×T ∗X by the finite groups
Sn and Sn×X [n] and Zariski’s Main Theorem. 
Remark 4.30. By Lemma A.2 we have that Zh−1/X [h] ∼= Zh−1. Since T ∗X ∼= X × C
we have that T ∗Zh−1/X [h] ∼= T ∗Zh−1. Thus
N (PGL(n,C))d˜ ∼= T
∗Zh−1 / Sh = T
∗X× h−1. . . ×T ∗X /Sh ,
where the action of Sh of T ∗Zh−1 is induced by the action of Sh on Zh−1 used in Remark
2.2 and is different from the action used in (31).
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4.5. Moduli spaces of symplectic and orthogonal Higgs bundles.
Theorem 4.31.
Mst(Sp(2m,C)) ∼= M st(Sp(2m,C)) = ∅,
Mst(O(n,C)) ∼= M st(O(n,C)),
Mst(SO(n,C)) ∼= M st(SO(n,C)).
Proof. This follows from Proposition 4.8. 
Recall the universal family of Higgs line bundles Ex01,0 = (Vx01,0, Φ1,0) with degree 0 and
the family of Sp(2,C)-bundles V˜x02 = (Vx01,0⊕V∗1,0, Ω). We can check thatΩ anticommutes
with Φ1,0 ⊕ (−Φ1,0) and then
E˜2 = (Vx01,0 ⊕ V∗1,0, Ω, Φ1,0 ⊕ (−Φ1,0))
is a family of polystable Sp(2,C)-Higgs bundles parametrized by T ∗X . Similarly, we can
construct a family of polystable O(2,C)-Higgs bundles parametrized by T ∗X ,
E˚2 = (Vx01,0 ⊕ (Vx01,0)∗,Q, Φ1,0 ⊕ (−Φ1,0)),
and a family of stable SO(2,C)-Higgs bundles of degree 0,
Ex02 =
(Vx01,0 ⊕ (Vx01,0)∗,Q, Φ1,0 ⊕ (−Φ1,0),√−1) .
Remark 4.32. The restrictions of E˜x02 and E˚x02 to two different points of T ∗X , z1 =
(x1, t1) and z2 = (x2, t2), give S-equivalent (isomorphic) Higgs bundles (E˜2)z1 ∼S (E˜2)z2
and (E˚x02 )z1 ∼S (E˚x02 )z2 if and only if z1 = −z2. Two points z1 6= z2 of T ∗X give non-
S-equivalent SO(2,C)-Higgs bundles, (Ex02 )x1 6∼S (E
x0
2 )x1 .
Now we define E˜x02m to be the family of polystable Sp(2m,C)-Higgs bundles induced
by taking the fibre product of m copies of E˜2. Note that E˜x02m is parametrized by T ∗Zm =
T ∗X× m. . . ×T ∗X .
We define E˚x0n,k,a to be the family of polystable O(n,C)-Higgs bundles given by the
direct sum of (Estk,a, Qstk , 0) and mk = n−k2 copies of E˚2. This family is parametrized by
T ∗Zmk = T
∗X× mk. . . ×T ∗X .
Analogously, for all values of (n,w2), we define families of polystable SO(n,C)-Higgs
bundles Ex0n,w2 as follows:
• Ex02m,0 is given by m copies of E2 and therefore it is parametrized by T ∗Zm =
T ∗X× m. . . ×T ∗X ,
• Ex02m+1,0 is given by the direct sum of (Est1,0, Qst1 , 0, 1) and m copies of E2 and
therefore it is parametrized by T ∗Zm = T ∗X× m. . . ×T ∗X ,
• Ex02m+1,1 is given by the direct sum of (Est3,0, Qst3 , 0, 1) and m−1 copies of E2 and
therefore it is parametrized by T ∗Zm−1 = T ∗X× m−1. . . ×T ∗X ,
• Ex02m,1 is given by the direct sum of (Est4,0, Qst4 , 0, 1) and m − 2 copies of E2 and
therefore it is parametrized by T ∗Zm−2 = T ∗X× m−2. . . ×T ∗X .
Remark 4.33. Consider the action of Γm′ on T ∗Zm′ induced by the action of Γm′ on
Zm′ used in Remark 2.14 (i.e. the action induced by Z2 acting on T ∗X as −1 · (x, t) =
(−x,−t)). Take the families E˜x02m, E˚x0n,k,a and E
x0
n,w2 when (n,w2) is (2m, 1), (2m+ 1, 0)
or (2m+1, 1). These families are parametrized by T ∗Zm′ = T ∗X× m′. . . ×T ∗X for some
m′. By Remarks 4.32 and 2.14, two points z1, z2 ∈ T ∗Zm′ parametrize isomorphic (S-
equivalent) Higgs bundles on these families if and only if z1 = γ ·z2 for some γ ∈ Γm. By
Remarks 4.32 and 2.15, (Ex02m,0)z1 is isomorphic (S-equivalent) to (E
x0
2m,0)z2 if and only if
there exists γ ∈ ∆m such that γ · z1 = z2.
Recall Corollary 4.13.
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Theorem 4.34. Let G be Sp(2m,C), O(n,C) or SO(n,C). Consider the moduli spaces
M(G)d associated to the usual moduli problems.
(i) We have bijective morphisms
η˜x0m : Sym
m(T ∗X/Z2) −→M(Sp(2m,C)),
η˚x0n,k,a : Sym
(n−k)/2(T ∗X/Z2) −→M(O(n,C))k,a,
ηx02m,0 : T
∗X× m. . . ×T ∗X / ∆m −→M(SO(2m,C))0,
ηx0n,w2 : Sym
m′(T ∗X/Z2) −→M(SO(n,C))w2 ,
where m′ = m if (n,w2) = (2m+ 1, 0), m′ = m− 1 if (n,w2) = (2m+ 1, 1) and
m′ = m− 2 if (n,w2) = (2m, 1).
(ii) M(G)d is irreducible.
(iii) The normalization ofM(G)d is isomorphic to the source of the bijection.
(iv) Sing(M(G)d) coincides with the set of points represented by polystable G-Higgs
bundles for which at least two of the direct summands of the underlying polystable
Higgs bundle are isomorphic.
(v) If dim(M(G)d) ≥ 2, Sing(M(G)d) has codimension 2.
Proof. (i) The corresponding families E˜x02m, E˚x0n,k,a or E
x0
n,w2 induce morphisms
νG,d : T
∗ZG,d = T
∗X× m′. . . ×T ∗X −→M(G)d,
where m′ depends on G and d. By Remark 4.33 when ΓG,d is the corresponding finite
group, this map factors through T ∗ZG,d/ΓG,d giving the required bijective morphism.
(ii) follows from the continuity of the morphisms and the irreducibility of the sources.
(iii) follows from Zariski’s Main Theorem.
For the proof of (iv) and (v) take a G-Higgs bundle (E,Θ,Φ) (resp. (E,Θ,Φ, τ)) and
denote by P the principal G-bundle associated to (E,Θ) (resp. (E,Θ, τ)) and by ϕ the
section of the adjoint bundle P (g) associated to Φ. If T is the infinitesimal deformation
space of (E,Θ,Φ) (resp. (E,Θ,Φ, τ)), by [BR] one has the exact sequence
H0(X,P (g))
e0(ϕ)−→ H0(X,P (g)) −→ T −→ H1(X,P (g)) e1(ϕ)−→ H1(X,P (g)),
where ei(ϕ)(ψ) = [ψ, ϕ] and e1(ϕ) is the Serre dual of e0(ϕ). Recall that the canonical
bundle is trivial in our case. The standard representation of G gives us an isomorphism
between Hi(X,P (g)) and Hi(X,EndE)Θ, where the latter is given by the elements Ψ
of Hi(X,EndE) such that Θ(u,Ψ(v)) = −Θ(Ψ(u), v) for u, v in Ex and every point
x ∈ X . The maps ei(ϕ) correspond to
ei(Φ) : H
i(X,EndE)Θ −→ Hi(X,EndE)Θ
Ψ 7−→ [Ψ,Φ].
From this point the proof is similar to that of Theorem 4.20, replacing H0(X,EndE) by
H0(X,EndE)Θ and taking into account in each case the dimension of dim(M(G)d). 
Remark 4.35. The bijection ηx0G,d is an isomorphism if and only if M(G)d is normal,
but the normality of the moduli space of Higgs bundles over a smooth projective curve of
genus g = 1 is an open question.
As in Section 4.3, we modify the moduli problem in such a way that the associated
moduli space will be isomorphic to the normalization of M(G)d.
We say that a family of semistable Sp(2m,C)-Higgs bundles E → X × Y is locally
graded if for every y ∈ Y there exists an open subset U ⊂ Y containing y and a set of
families of Higgs bundles (V1, Φ1), . . . (Vm, Φm) of rank 1 and degree 0 parametrized by
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U , such that
E|X×U ∼S
m⊕
i=1
(
Vi ⊕ V∗i ,
(
0 −1
1 0
)
,
(
Φi
−Φi
))
.
We define locally graded families of semistableO(n,C)-Higgs bundles in similar terms;
the only change is that there might exist a stable O(k,C)-Higgs bundle (Estk,a, Qstk , 0) such
that
E|X×U ∼S (Estk,a, Qstk , 0)⊕
n−k
2⊕
i=1
(
Vi ⊕ V∗i ,
(
0 1
1 0
)
,
(
Φi
−Φi
))
.
Analogously, we say that a family of semistable SO(n,C)-Higgs bundles E → X × Y
is locally graded if for every y ∈ Y there exists an open subset U ⊂ Y containing y,
families (Vi, Φi) parametrized by U and (if (n,w2) 6= (2m, 0)) a stable SO(k,C)-Higgs
bundle (Estk,0, Qstk , 0, 1) such that
E|X×U ∼S (Estk,0, Qstk , 0, 1)⊕
n−k
2⊕
i=1
(
Vi ⊕ V∗i ,
(
0 1
1 0
)
,
(
Φi
−Φi
)
,
√−1
)
.
For G = Sp(2m,C), O(n,C) and SO(n,C), we define a new moduli functor asso-
ciating to any scheme Y the set of S-equivalence classes of locally graded families of
semistable G-Higgs bundles parametrized by Y .
Proposition 4.36. The families E˜x02m, E˚x0n,k,a and E
x0
n,w2 have the local universal prop-
erty among, respectively, locally graded families of semistable Sp(2m,C), O(n,C) and
SO(n,C)-Higgs bundles of the appropiate topological type.
Proof. Take any locally graded family E → X × Y of semistable Sp(2m,C), O(n,C) or
SO(n,C)-Higgs bundles. By definition of locally graded for every y ∈ Y we have an open
subset U ⊂ Y containing y and families (Vi, Φi) of Higgs bundles of rank 1 and degree
0 parametrized by U . Take the universal family Ex01,0 = (Vx01,0, Φ1,0); for every (Vi, Φi)
there exists fi : U → T ∗X such that (Vi, Φi) ∼S f∗Ex01,0. With the fi we can construct
f : U → T ∗X × · · · × T ∗X such that the restriction E|X×U is S-equivalent to f∗E˜x02m,
f∗E˚x0n,k,a or f∗E
x0
n,w2 . 
Theorem 4.37. There exist coarse moduli spaces N (Sp(2m,C)), N (O(n,C))(k,a) and
N (SO(n,C))w2 . Furthermore, there are isomorphisms
ξ˜x0m : Sym
m(T ∗X/Z2)
∼=−→N (Sp(2m,C)),
ξ˚x0n,k,a : Sym
(n−k)/2(T ∗X/Z2)
∼=−→N (O(n,C))k,a,
ξ
x0
m,0 : T
∗X× m. . . ×T ∗X / ∆m
∼=−→N (SO(2m,C))0,
ξ
x0
n,w2 : Sym
m′(T ∗X/Z2)
∼=−→N (SO(n,C))w2 ,
where m′ = m if (n,w2) = (2m + 1, 0), m′ = m − 1 if (n,w2) = (2m + 1, 1) and
m′ = m− 2 if (n,w2) = (2m, 1).
Proof. Since T ∗ZG,d/ΓG,d is an orbit space, the theorem follows from Proposition 4.36
and Remark 4.33. Note that the isomorphisms are defined as follows
ξx0G,d : T
∗ZG,d
/
ΓG,d −→ N (G)d
[z]ΓG,d 7−→
[
Ex0G,d|X×z
]
S
,
where we write ξx0G,d for ξ˜x0m , ξ˚
x0
n,k,a or ξ
x0
m,0 for the groups considered in the statement and
the corresponding topological invariant. 
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Remark 4.38. If an orbifold is defined as a global quotient Z/Γ, its cotangent orbifold
bundle is the orbifold given by T ∗Z/Γ, where the action of Γ on T ∗Z is the action induced
by the action of Γ on Z .
Let G be GL(n,C), SL(n,C), PGL(n,C), Sp(2m,C), O(n,C) or SO(n,C). Denote
by M˜(G)d and N˜ (G)d the orbifolds given by the quotientsZG,d/ΓG,d and T ∗ZG,d/ΓG,d.
Then N˜ (G)d is the cotangent orbifold bundle of M˜(G)d.
5. THE HITCHIN MAP
5.1. Description of the Hitchin map. Let qn,1, . . . , qn,n be the standard basis for the
invariant polynomials of a rank nmatrix. The Hitchin map is defined in [Hi2] by evaluating
this basis on the Higgs field:
(33) bn,d : N (GL(n,C))d −→ Bn =
⊕n
i=1H
0(X,O)
[(E,Φ)]S 7−→ (qn,1(Φ), . . . , qn,n(Φ)).
Since H0(X,O) ∼= C we have that Bn ∼= Cn. Take h = gcd(n, d) and set n′ = n/h and
d′ = d/h. If (E,Φ) is a polystable Higgs bundle of rank n and degree d, we have (E,Φ) ∼=⊕h
i=1(Ei,Φi) where the Ei are stable and Φi = λi idEi ; moreover ξ
x0
n′,d′((xi, ti)) =
[(Ei,Φi)]S , where ti = n′ · λi. When we apply qn,i to Φ we obtain polynomials in
t1, . . . , th
qn,1(Φ) =
h∑
i=1
ti,
.
.
.
qn,n(Φ) =
(
1
n′
t1
)n′
. . .
(
1
n′
th
)n′
.
The image of the Hitchin map is always contained in a subvariety of dimension h which
we denote by Bn,d. If Dλ is the diagonal matrix with eigenvalues λ = (λ1, . . . , λh) we
can construct the following bijective morphism
(34)
βn,d : Sym
h C −→ Bn,d
[t]Sh = [t1, . . . , th]Sh 7−→
(
qn,1(D 1
n′
t), . . . , qn,n(D 1
n′
t)
)
.
Let us define the projection
(35) πh : Sym
h(T ∗X) −→ Symh(C)
[(x1, t1), . . . , (xh, th)]Sh 7−→ [t1, . . . , th]Sh .
It is immediate from the definitions of (33), (34) and (35) that the diagram
(36) Symh(T ∗X) πh //
∼=ξ
x0
n,d

Symh(C)
βn,d1:1

N (GL(n,C))d
bn,d
// Bn,d
commutes.
The Hitchin map for a classical structure group G is defined in [Hi2] by evaluating the
invariant polynomials for the adjoint representation of G on its Lie algebra on the Higgs
field:
bG,d : N (Gd) −→ B(G, d).
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Let CG,d ⊂ T ∗ZG,d be the subset ({x0} × C) × · · · × ({x0} × C), and consider the
induced action of ΓG,d on CG,d. Consider also the projection
πG,d : T
∗ZG,d
/
ΓG,d −→ CG,d
/
ΓG,d
[(x1, t1), . . . , (xℓ, tℓ)]ΓG,d 7−→ [t1, . . . , tℓ]ΓG,d .
In each case, the invariant polynomials for the adjoint representation ofG on its Lie algebra
allow us to construct a bijective morphism
(37) βG,d : CG,d
/
ΓG,d
1:1−→ B(G)d,
and we can extend (36) to the rest of the classical complex Lie groups covered in this
article:
(38) T ∗ZG,d
/
ΓG,d
πG,d
//
∼=ξ
x0
G,d

CG,d
/
ΓG,d
βG,d1:1

N (G)d
bG,d
// B(G)d.
5.2. The Hitchin fibres for the general linear case. The set of tuples of the form
(39) tg = (t1, . . . , th),
where ti 6= tj if i 6= j, form a dense open subset of Ch. We call a point of Bn,d generic
if it is the image under βn,d of the Sh-orbit of some tg . An arbitrary point of Bn,d is the
image under βn,d of a h-tuple of the form
(40) ta = (t1,m1. . ., t1, . . . , tℓ, mℓ. . ., tℓ),
where h = m1 + · · ·+mℓ.
Proposition 5.1.
π−1h ([tg]Sh)
∼= X× h. . . ×X
and
π−1h ([ta]Sh) = Sym
m1 X× ℓ. . . × Symmℓ X.
Proof. The centralizer ZSh(tg) of tg in Sh is trivial. Hence the centralizer of any element
of T ∗X × · · · × T ∗X of the form
((x1, t1), . . . , (xh, th)).
is also trivial. If two tuples ((x1, t1), . . . , (xh, th)) and ((x′1, t1), . . . , (x′h, th)) lie in the
same Sh-orbit, then they are related by the action of an element of ZSh(tg). Since this
group is trivial, it follows that π−1h ([tg]Sh) is given by the subset of T ∗X× h. . . ×T ∗X
which projects to (t1, . . . , th), which is isomorphic to X× h. . . ×X .
On the other hand, the centralizer of ta in Sh is
ZSh(ta) = Sm1 × · · · ×Smℓ ,
where the factor Smi acts only on the entries of ta equal to ti. Two tuples of T ∗X× · · ·×
T ∗X that project to ta lie in the same Sh-orbit if and only if some element of ZSh(ta)
sends one tuple to the other. Let us write (T ∗X × · · · × T ∗X)ta for the set of tuples as
above that project to ta. We have
π−1h ([ta]Sh)
∼= (T ∗X× h. . . ×T ∗X)ta
/
ZSm(ta) ,
where the action of Smi permutes the entries of a tuple that are pairs of the form (xij , ti).
We can easily see that (T ∗X × · · · × T ∗X)ta ∼= X × · · · ×X and then
π−1h ([ta]Sh)
∼= (X× h. . . ×X)/ Sm1 × · · · ×Smℓ
∼= Symm1 X× ℓ. . . × Symmℓ X.
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
Note from (4) and (6) that SymhX is a fibration over X with fibre Ph−1.
Corollary 5.2. The generic Hitchin fibre of N (GL(n,C))d → Bn,d is the self-dual
abelian varietyX× h. . . ×X . The fibre over an arbitrary point of the base is Symm1 X× ℓ. . .
× Symmℓ X which is a fibration over the self-dual abelian variety X× ℓ. . . ×X with fibre
Pm1−1× ℓ. . . ×Pml−1.
5.3. The Hitchin fibres for the special linear and projective cases. The Hitchin maps
bˆn : N (SL(n,C)) −→ Bˆn
and
bˇn,d˜ : N (PGL(n,C))d˜ −→ Bˇn,d˜
are induced by the Hitchin map for Higgs bundles (33). The Hitchin base Bˆn is equal to the
subvariety Btr=0n =
⊕n
i=2H
0(X,O) of Bn, while Bˇn,d˜ = Btr=0n ∩ Bn,d, where d˜ = (d
mod n). Note that the groups SL(n,C) and PGL(n,C) are Langlands dual groups and
that Bˆn = Bˇn,0.
Lemma 5.3. Let e be any element of Bˆn and e′ be any element Bˇn,d˜. Then
bˆ−1n (e)
∼= b−1n,0(e) ∩
(
(det, tr)−1(O, 0))
and
bˇ−1
n,d˜
(e′) ∼=
(
b−1n,d(e
′) ∩ ((det, tr)−1(O(x0)⊗d, 0))) / Pic0(X)[n]
Proof. Since bˆn and bˇn,d˜ are induced by bn,0 and bn,d, this follows from the fact that
N (SL(n,C)) ∼= (det, tr)−1(O, 0) ⊂ N (GL(n,C))
and
N (PGL(n,C)) ∼= (det, tr)−1(O(x0)⊗d, 0)/ Pic0(X)[n] .

The generic elements eg and e′g of Bˆn and Bˇn,d˜ come from a tuple tg of the form (39)
such that
∑
ti = 0. Analogously, the arbitrary elements ea and e′a of Bˆn and Bˇn,d˜ come
from a tuple ta of the form (40) such that
∑h
i=1 ti = 0.
Recall the definition of Aℓ given in (12) and the isomorphism uℓ : Zℓ−1
∼=−→ Aℓ. Since
SymmX → X is a fibration over X , we can consider the restriction of Symm1 X × · · · ×
Symmℓ X to Aℓ ⊂ X× ℓ. . . ×X and the pull-back u∗ℓ (Symm1 X × · · · × Symmℓ X)|Aℓ .
Proposition 5.4. Let eg ∈ Bˆn and e′g ∈ Bˇn,d˜ be generic elements. Then
bˆ−1n (eg)
∼= An
and
bˇ−1
n,d˜
(e′g)
∼= Ah / X [h] .
Let ea ∈ Bˆn and e′a ∈ Bˇn,d˜ be arbitrary elements. Then
bˆ−1n (ea)
∼= u∗ℓ(Symm1 X × · · · × Symmℓ X)|Aℓ
and
bˇ−1
n,d˜
(e′a)
∼= u∗ℓ (Symm1 X × · · · × Symmℓ X)|Aℓ
/
X [h] .
Proof. This follows from Lemma 5.3 and Corollary 5.2. 
Corollary 5.5. The generic Hitchin fibre of N (SL(n,C)) → Bˆn is the abelian variety
X× n−1. . . ×X . The arbitrary Hitchin fibre is a fibration over the abelian variety X× ℓ−1. . .
×X with fibre Pm1−1× ℓ. . . ×Pml−1.
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Proposition 5.6. The generic fibre of the Hitchin fibrationN (PGL(n,C))d˜ → Bˇn,d˜ is the
abelian variety X× h−1. . . ×X .
The arbitrary fibre of the Hitchin fibrationN (PGL(n,C))d˜ → Bˇn,d˜ is a fibration over
X× ℓ−1. . . ×X with fibre (Pm1−1 × · · · × Pmℓ−1)/X [r], where r = gcd(h,m1, . . . ,mℓ).
Proof. The action of X [h] on the fibration Symm1 X× ℓ. . . × Symmℓ X gives a weighted
(m1, . . . ,mℓ)-action of X [h] on X× ℓ. . . ×X , the base of the fibration. Let us set r =
gcd(h,m1, . . . ,mℓ). The subgroup X [r] ⊂ X [h] acts on Symm1 X× ℓ. . . × Symmℓ X
and it acts trivially on the base X× ℓ. . . ×X . The quotient of Symm1 X× ℓ. . . × Symmℓ X
by the action ofX [r] is a fibration overX× ℓ. . . ×X with fibre (Pm1−1×. . .Pmℓ−1)/X [r],
where the action of X [r] is described in Remark 2.3.
The quotient of Symm1 X× ℓ. . . × Symmℓ X by X [h] is equivalent to the quotient of
(Symm1 X× ℓ. . . × Symmℓ X)/X [r] by X [h]/X [r]. Since X [h]/X [r] ∼= X [h/r] and
the weighted action of X [r] is trivial, the weighted (m1, . . . ,mℓ)-action of X [h]/X [r]
on X× ℓ. . . ×X is equivalent to the weighted (m1/r, . . . ,mℓ/r)-action of X [h/r] on
X× ℓ. . . ×X . By Lemma A.1, this action is free since gcd(h/r,m1/r, . . . ,mℓ/r) = 1.
As a consequence, (Symm1 X × . . .Symmℓ X)/X [h] is a fibration with fibre (Pm1−1 ×
· · · × Pmℓ−1)/X [r] over (X× ℓ. . . ×X)/X [h/r].
The weighted (m1/r, . . . ,mℓ/r)-action of X [h/r] restricted to Aℓ is equivariant under
uℓ to the weighted (m1/r, . . . ,mℓ−1/r)-action of X [h/r] on X× ℓ−1. . . ×X , so the pull-
back u∗ℓ (Sym
m1 X × · · · × Symmℓ X)|Aℓ/X [h] is a fibration with fibre (Pm1−1 × · · · ×
Pmℓ−1)/X [r] over (X× ℓ−1. . . ×X)/X [h/r].
Finally, by Lemma A.2, the quotient (X× ℓ−1. . . ×X)/X [h/r] is isomorphic to X× ℓ−1. . .
×X . 
Remark 5.7. The generic fibre of the Hitchin fibration N (PGL(n,C))0 → Bˇn,0 = Bˆn
and the corresponding fibre of the Hitchin fibrationN (SL(n,C))→ Bˆn are isomorphic to
X× n−1. . . ×X , which is a self-dual abelian variety.
The arbitrary fibre of the Hitchin fibration N (PGL(n,C))0 → Bˇn,0 and the corre-
sponding fibre of the Hitchin fibration N (SL(n,C)) → Bˆn are fibrations over X× ℓ−1. . .
×X , which is a self-dual abelian variety.
5.4. The Hitchin fibres for the symplectic and orthogonal cases. Consider the follow-
ing projection induced by the natural projection T ∗X ∼= X × C→ C,
π[m′] : Sym
m′(T ∗X/Z2) −→ Symm
′
(C/Z2).
We set:
• m′ = m if G = Sp(2m,C),
• m′ = (n− k)/2 if G = O(n,C) and the topological invariant is (k, a),
• m′ = m if G = SO(2m+ 1,C) and w2 = 0,
• m′ = m− 1 if G = SO(2m+ 1,C) and w2 = 1,
• m′ = m− 2 if G = SO(2m,C) and w2 = 1.
By (38), we have the following commuting diagram for the cases considered above:
ZG,d
/
ΓG,d
∼=ξ
x0
G,d

π[m′]
// CG,d
/
ΓG,d
βG,d1:1

N (G)d
bG,d
// B(G)d.
The elements of C× m′. . . ×C of the form
tg = (t1, . . . , tm′),
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where ti 6= ±tj if i 6= j and for every i we have ti 6= 0, form a dense open subset. For
each (G, d), we call a point of B(G)d generic if it is the image under βG,d of [tg]Sm′ . An
arbitrary element of B(G)d is the image under βG,d of the Γm-orbit of the following tuple
ta = (0,m0. . ., 0, t1,m1. . ., t1, . . . , tℓ, mℓ. . ., tℓ),
where ti 6= 0, ti 6= ±tj if i 6= j and m′ = m0 +m1 + · · ·+mℓ.
The following proposition applies to all the situations listed above.
Proposition 5.8.
π−1[m′]([tg]Γm′ )
∼= X× m′. . . ×X
and
π−1[m′]([ta]Γm′ )
∼= Pm0 × Symm1 X × · · · × Symmℓ X.
Proof. Since ti 6= −ti and ti 6= ±tj for every i, j such that i 6= j, the stabilizer in Γm′ of
tg is trivial and then the stabilizer of every tuple of the form
((x1, t1), . . . , (xm′ , tm′))
is trivial too. This implies that every such tuple is uniquely determined by the choice of
(x1, . . . , xm′), and then π−1[m′]([tg]Γm′ ) is isomorphic to X× m
′
. . . ×X .
Since the stabilizer in Γm′ of ta is
ZΓm′ (ta) = Γm0 ×Sm1 × · · · ×Smℓ ,
we have
π−1[m′]([ta]Γm′ )
∼= (X× m′. . . ×X)/ZΓm′ (ta)
∼= Symm0(X/Z2)× Symm1 X × · · · × Symmℓ X.
Note that Symm0(X/Z2) ∼= Symm0 P1 ∼= Pm0 . 
Recall that SymmX is a projective bundle over X .
Corollary 5.9. The generic fibre of the Hitchin map for N (Sp(2m,C)) is the abelian
variety X× m. . . ×X . The Hitchin fibre over an arbitrary element is a fibration over
X× ℓ. . . ×X with fibre Pm0 × Pm1−1 × · · · × Pmℓ−1.
Corollary 5.10. The generic fibre of the Hitchin fibration for N (SO(2m + 1,C))0 is
isomorphic to X× m. . . ×X . The Hitchin fibre over an arbitrary element is a fibration over
X× ℓ. . . ×X with fibre Pm0 × Pm1−1 × · · · × Pmℓ−1.
Remark 5.11. Note that the groups Sp(2m,C) and SO(2m + 1,C) are Langlands dual
groups and the Hitchin bases for N (Sp(2m,C)) and N (SO(2m + 1,C))0 are the same.
The generic fibre of the Hitchin fibration for N (Sp(2m,C)) and the corresponding fibre
of the Hitchin fibration for N (SO(2m+ 1,C))0 are isomorphic to X× m. . . ×X , which is
a self-dual abelian variety.
The fibre of the Hitchin fibration for N (Sp(2m,C)) over an arbitrary point of the
Hitchin base and the fibre of the Hitchin fibration for N (SO(2m+ 1,C))0 over the same
point are fibrations over X× ℓ. . . ×X , which is a self-dual abelian variety. The fibres are
isomorphic to Pm0 × Pm1−1 × · · · × Pmℓ−1.
Recall the finite group ∆m defined in (23). Thanks to the natural projection T ∗X ∼=
X × C→ C we define
πm : T
∗X× m. . . ×T ∗X / ∆m −→ C× m. . . ×C / ∆m
Let us denote bG,d, BG,d and βG,d by b2m,0, B2m,0 and β2m,0 when G = SO(2m,C) and
w2 = 0. By (38) and Theorem 4.37 we have the following commuting diagram for the
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Hitchin fibration associated to N (SO(2m,C))0
T ∗X× m. . . ×T ∗X / ∆m
πm
//
∼=ξ
x0
2m,0

C× m. . . ×C / ∆m
β2m,01:1

N (SO(2m,C))0
b2m,0
// B2m,0.
Using the map
r : X× m. . . ×X −→ X× m. . . ×X
(x1, x2, . . . , xm) 7−→ (−x1, x2, . . . , xm),
we define the r-action of Sm on X× m. . . ×X as follows. Suppose that for σ ∈ Sm we
denote by fσ the permutation of X× m. . . ×X associated to σ. We define the r-action of σ
to be the morphism r ◦ fσ ◦ r.
Consider the elements of Cm of the form
tg = (t1, . . . , tm)
where ti 6= 0 and ti 6= ±tj . We call a point of B2m,0 generic if it is the image under β2m,0
of some ∆m-orbit of tg . There is a special set of points of B2m,0 that come from tuples of
the form
ts1 = (−t1, t1,m1−1. . . , t1, t2,m2. . ., t2, . . . , tℓ, mℓ. . ., tℓ),
where ti 6= ±tj if i 6= j, and for every i we have ti 6= 0 and mi even. If our point of
B2m,0 is given by a tuple different from tg and ts1 we can always find a representative of
the ∆m-orbit with the form
ts2 = (0,
m0. . ., 0, t1,m1. . ., t1, . . . , tℓ, mℓ. . ., tℓ),
where ti 6= ±tj if i 6= j and for every i > 0 we have ti 6= 0.
Proposition 5.12.
π−1m ([tg]∆m) = X× m. . . ×X,
π−1m ([ts1 ]∆m) = Sym
m1 X × Symm2 X · · · × Symmℓ X
and
π−1m ([ts2 ]∆m) =
(
(X × · · · ×X)/ ∆m0 )× Symm1 X × · · · × Symmℓ X.
Proof. The first result follows from the observation that the stabilizer of tg is trivial.
The stabilizer of ts1 is
Z∆m(ts1) = Z∆m1 ((−t1, t1,m1−1. . . t1))×Sm2 × · · · ×Smℓ .
We can check that Z∆m1 ((−t1, t1,m1−1. . . t1)) is given by the elements cσ of ∆mi such
that σ sends the first entry of (−t1, t1,m1−1. . . t1) to the i-th entry and c inverts the first and
the i-th entry. This shows that the action of Z∆m1 ((−t1, t1,m1−1. . . t1)) on X × · · · × X
is equivalent to the r-action of the symmetric group. One can check that the quotient of
X × · · · ×X under this action is isomorphic to the symmetric product of the curve, so
X × · · · ×X / Z∆m(ts1) ∼= Symm1 X × Symm2 X × · · · × Symmℓ X.
The last statement follows from the fact that the stabilizer of ts2 is
Z∆m(ta) = ∆m0 ×Sm1 × · · · ×Smℓ .

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Corollary 5.13. The generic fibre of the Hitchin fibration N (SO(2m,C))0 → B2m,0 is
the self-dual abelian variety X× m. . . ×X . The fibre over an arbitrary point of B2m,0 is a
fibration over the self-dual abelian variety X × · · · ×X with fibre
Pm1−1 × · · · × Pmℓ−1,
or
(X× m0. . . ×X)/∆m0 × Pm1−1 × · · · × Pmℓ−1.
Remark 5.14. We observe that (X× m0. . . ×X)/∆m0 is isomorphic to the moduli space
M(SO(2m0,C))0. By [FM1] and [Lo], this variety is isomorphic to the quotient of the
weighted projective spaceWP(1, 1, 1, 2,m0−2. . . , 2) by a finite group.
APPENDIX A. SOME RESULTS ON ABELIAN VARIETIES
In this appendix, we prove two lemmas; the first is certainly well known, the second
presumably so, but we have been unable to find a suitable reference.
Let A be an abelian variety and let a0 ∈ A be the trivial element. For any integers
m1, . . . ,mℓ, the formula
a′ · (a1, . . . , aℓ) = (a1 +m1a′, . . . , aℓ +mℓa′)
defines the weighted (m1, . . . ,mℓ)-action of A on A× ℓ. . . ×A.
Lemma A.1. Let m1, . . . ,mℓ be integers and let h be a positive integer. Write r for
gcd(h,m1, . . . ,mℓ). The weighted (m1, . . . ,mℓ)-action of A[h] on A× ℓ. . . ×A is free if
and only if r = 1.
Proof. Suppose a′ ∈ A[h] and a′ · (a0, . . . , a0) = (a0, . . . , a0). Then mia′ = a0 for every
i. This implies that a′ is a mi-torsion element for every i. On the other hand, if there
exists a′ ∈ A[h] ∩⋂iA[mi] different from a0, the (m1, . . . ,mℓ)-weighted action of a′ is
trivial and therefore the action of A[h] is not free. Thus the action is free if and only if the
subgroup A[h] ∩⋂iA[mi] is trivial.
It is easy to see that A[n1] ∩ A[n2] = A[r′] where r′ = gcd(n1, n2). It follows by
induction that A[h] ∩⋂iA[mi] = A[r]. The result follows. 
For every positive integer h, we have an exact sequence
0 // A[h] // A
mulh
// A // 0,
where mulh(a) = ha = a+ h. . . +a. This induces an isomorphism
(41) m˜ulh : A
/
A[h]
∼=−→ A.
Lemma A.2. Consider the weighted (m1, . . . ,mℓ)-action of A[h] on (A× ℓ. . . ×A). Then
(A× ℓ. . . ×A)/ A[h] ∼= A× ℓ. . . ×A.
Proof. First we treat the case where gcd(m1, h) = 1. Let p, q be integers such that pm1+
qh = 1. Since gcd(p, h) = 1, the action is equivalent to the action of A[h] with weights
(1, pm2, . . . , pmℓ). For this action, consider the morphism
(A× ℓ. . . ×A)/ A[h] −→ A/ A[h] ×A× ℓ−1. . . ×A
[(a1, . . . , aℓ)]A[h] 7−→
(
[a1]A[h], a2 − pm2a1, . . . , aℓ − pmℓa1
)
.
This is in fact an isomorphism of abelian varieties since it has an inverse
A
/
A[h] ×A× ℓ−1. . . ×A −→ (A× ℓ. . . ×A)
/
A[h](
[a′1]A[h], a
′
2, . . . , a
′
ℓ
) 7−→ [(a′1, pm2a′1 + a′2, . . . , pmℓa′1 + a′ℓ)]A[h].
It follows from (41) that the lemma is true when gcd(m1, h) = 1.
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For the general case, let r1 := gcd(m1, h) and write
(42) (A×A× ℓ−1. . . ×A)/ A[h] = ((A×A× ℓ−1. . . ×A)/A[r1]) / A[h/r1] .
Since r1 divides m1, the action of A[r1] on the first factor is trivial, so
(A×A× ℓ−1. . . ×A)/ A[r1] ∼= A× (A× ℓ−1. . . ×A)/ A[r1] .
When ℓ = 1 the result follows from (41), so we can suppose inductively that the lemma is
true for A× ℓ−1. . . ×A. Then
A× (A× ℓ−1. . . ×A)/ A[r1] ∼= A×A× ℓ−1. . . ×A.
This implies by (42) that the original quotient is isomorphic to the quotient by an action of
A[h/r1] whose first weight is m1/r1. Since gcd(m1/r1, h/r1) = 1, the first part of the
proof completes the induction and hence the entire proof. 
REFERENCES
[AG] M. Aparicio Arroyo and O. Garcia-Prada, Higgs bundles for the Lorentz group, Illinois J. Math (in
press).
[A] M. F. Atiyah, Vector bundles over elliptic curves, Proc. London Math. Soc. 7 (1957), 414–452.
[AB] M. F. Atiyah and R. Bott, The Yang-Mills equations over Riemann surfaces, Phil. Trans. Roy. Soc.
London A 308 (1982), 523–615.
[BMM] D. Bayer, M. Stillman, Ma. Stillman, Macaulay User Manual.
[BS] N. Bernstein and O. V. Shvartzman, Chevalley’s theorem form complex crystallographic Coxeter groups,
Funct. Anal. Appl. 12 (1978), 308–310.
[BR] I. Biswas and S. Ramanan, An infinitesimal study of the moduli of Hitchin pairs, J. London Math. Soc.
(2) 49 (1994), 219–231.
[Co] K. Corlette, Flat G-bundles with canonical metrics, J. Diff. Geom., 28 (1988), 361–382.
[D] S. Donaldson, Twisted harmonic maps and the self-duality equations, Proc. London Math. Soc., 55
(1987), 127–131.
[FM1] R. Friedman and J. Morgan, Holomorphic principal bundles over elliptic curves I, arXiv:math/9811130
[math.AG].
[FM2] R. Friedman and J. Morgan, Holomorphic principal bundles over elliptic curves II, J. Diff. Geom. 56
(2000), 301-379.
[FMW] R. Friedman, J. Morgan and E. Witten, Principal G-bundles over elliptic curves, Research Letters 5
(1998), 97-118.
[FH] W. Fulton and J. Harris, Representation theory, a first course, Springer-Verlag (1991), second edition
(1997).
[GGM] O. Garcia-Prada, P. Gothen and I. Mundet i Riera, The Hitchin-Kobayashi correspondence, Higgs pairs
and surface group representations, arXiv:0909.4487v2 [math.DG], 2012.
[Ha] R. Hartshorne, Algebraic Geometry, Springer (1977), eighth edition (1997).
[Hi1] N. J. Hitchin, The self-duality equations on a Riemann surface, Proc. London Math. Soc. (3), 55(1)
(1987), 59–126.
[Hi2] N. J. Hitchin, Stable bundles and integrable systems, Duke Math. J. 54 no. 1, (1987), 91-114.
[Hr] F. Hreinsdottir, A Case Where Choosing a Product Order Makes the Calculations of a Groebner Basis
Much Faster, J. Symbolic Comput. 18 (1994), 373-378.
[La] Y. Laszlo, About G-bundles over elliptic curves, Ann. Inst. Fourier, Grenoble 48 no. 2 (1998), 413-424.
[LeP] J. Le Potier, Lectures on vector bundles, Cambridge University Press (1997).
[Lo] E. Looijenga, Root systems and elliptic curves, Inv. Math. 38 (1976), 17–32.
[Mu] D. Mumford, Projective invariants of projective structures and applications, Proc. Internat. Congr.
Mathematicians (Stockholm, 1962), Djursholm: Inst. Mittag-Leffler, 526–530.
[MFK] D. Mumford, J. Fogarty and F. Kirwan Geometric invariant theory, Springer-Verlag (1965), third en-
larged edition (1994).
[NS] M. S. Narasimhan and C. Seshadri, Stable and unitary vector bundles on a compact Riemann surface,
Ann. of Math. 82 (1965), 540–567.
[Ne] P. E. Newstead, Introduction to moduli problems and orbit spaces, Tata Institute of Fundamental Re-
search (1978), reprinted by Narosa Publishing House (2012).
[Ni] N. Nitsure, Moduli space of semistable pairs on a curve, Proc. London Math. Soc. (3) 62 (1991), 275-
300.
[Po] V. L. Popov, Irregular and singular loci of commuting varieties, Transform. Groups, 13 (2008), 819–837.
[Pr] A. Premet, Nilpotent commuting varieties of reductive Lie algebras, Inv. Math., 154 (2003), 653–683.
HIGGS BUNDLES OVER ELLIPTIC CURVES 41
[R] Ramanan S. Orthogonal and spin bundles over hyperelliptic curves, Proc. Indian Acad. of Sci. (Math.
Sci.), 90 no. 2 (1981), 151-166.
[Ra1] A. Ramanathan, Stable principal bundles on a compact Riemann surface, Math. Ann. 213 (1975),
129–152.
[Ra2] A. Ramanathan, Moduli for principal bundles over algebraic curves: I, Proc. Indian Acad. Sci. (Math.
Sci.), 106 no. 3 (1996), 301-328.
[Ra3] A. Ramanathan, Moduli for principal bundles over algebraic curves: II, Proc. Indian Acad. Sci. (Math.
Sci.), 106 no. 4 (1996), 421-449.
[Ri] R. W. Richardson, Commuting varieties of semisimple Lie algebras and algebraic groups, Comp. Math.,
38 no. 3 (1979), 311-327.
[S] C. Schweigert, On moduli spaces of flat connections with non-simply connected structure group, Nucl.
Phys. B, 492 (1997), 743–755.
[Si1] C. T. Simpson, Higgs bundles and local systems, Inst. Hautes Etudes Sci. Publ. Math. 75 (1992), 5–95.
[Si2] C. T. Simpson, Moduli of representations of the fundamental group of a smooth projective variety I,
Publ. Math., Inst. Hautes Etud. Sci. 79 (1994), 47–129.
[Si3] C. T. Simpson, Moduli of representations of the fundamental group of a smooth projective variety II,
Publ. Math., Inst. Hautes Etud. Sci. 80 (1995), 5–79.
[Tu] L. Tu, Semistable bundles over an elliptic curve, Adv. Math. 98 (1993), 1-26.
EMILIO FRANCO, INSTITUT FU¨R MATHEMATIK, FREIE UNIVERSITA¨T VON BERLIN, ARNIMALLEE, 3,
BERLIN D-14195 (GERMANY)
E-mail address: emiliofranco@fu-berlin.de
´OSCAR GARCI´A-PRADA, INSTITUTO DE CIENCIAS MATEMA´TICAS, CSIC-UAM-UC3M-UCM, CALLE
NICOLA´S CABRERA, 15, 28049 MADRID (SPAIN)
E-mail address: oscar.garcia-prada@icmat.es
P. E. NEWSTEAD, DEPARTMENT OF MATHEMATICAL SCIENCES, UNIVERSITY OF LIVERPOOL, PEACH
STREET, LIVERPOOL L69 7ZL (UNITED KINGDOM)
E-mail address: newstead@liverpool.ac.uk
